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Havine been for some years engaged in lecturing to advanced 
students on the subject of alternating currents, the author has 
endeavoured to present, in as simple a manner as possible, a 
subject which, though intensely interesting in its purely 
physical aspect, is often expounded by mathematicians who, 
while revelling in the mathematical gymnastics afforded by its 
problems, so bewilder their less mathematical readers by the 
adoption of unnecessarily ponderous methods that the majority 
give up in disgust a subject which would otherwise exercise 
great fascination for them. That such should ever happen is 
lamentable in the extreme, since it retards the progress of the 
practical application of alternating currents. 

The author has employed the method of vector algebra 
wherever possible to solve the various problems, as he has found 
that it is quite easy for a student knowing only the elements of 
algebra and trigonometry to obtain a good working knowledge of 
the method in avery short time, and become enabled to attack 
problems which are otherwise beyond his comprehension. 

The application of vector algebra to alternating-current 
problems should appeal to everybody. It is a tool peculiarly 
adapted to the subject, and combines simplicity with all the 
advantages of a powerful method. 

No one will dispute the use of a treatise on the subject in 
which the chief aim of the writer is to eliminate mathematical 
difficulties and give prominence to the physics of the subject. 
Since the author has engaged in practice as a consulting 
engineer he has found that the want of a simple though com- 
prehensive treatise is often a deterrent to practical engineers 
acquiring a requisite knowledge of the subject. 
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Since the principles of continuous currents became intelligible 
to practical engineers, their commercial application has gone 
rapidly forward; it only requires the principles of alternating 
currents to be similarly placed before them for a like increase in 
their application to practice to result. 

In the body of the book every effort has been made to | 
eliminate mathematical difficulties, only a simple differentiation 
or integration being occasionally used. ‘Those readers who are 
conversant with higher mathematics will find in the Appendix 
proofs of results which are assumed in the text, and also a few 
more difficult problems, some of which are of greater theoretical 
than practical interest. | 

The author hopes that his efforts will be appreciated by 
practical engineers, University honours students, and the more 
advanced students in Technical Schools studying for the Honours 
Grade in Electric Lighting for examinations of the City and 
Guilds of London Institute. It is to be emphasized that a short 
course of Vector Algebra should form a portion of the curriculum 
of every University College and Technical Institute. 

As the book has been written in spare moments since leaving 
the teaching profession, the author has not been able to acknow- 
ledge all the various sources from which information has been 
obtained. The work is really a systematic arrangement of 
lecture notes compiled during the last ten years, and which 
contain information gathered from text-books, periodicals, and 
the journals of various learned societies, as well as from the 
writings of the author himself. It is, however, impossible to 
over-estimate the indebtedness to the writings of Professor 
S. P. Thompson and Mr. C. P. Steinmetz. It would, in fact, be 
impossible to write a treatise on alternating currents without 
drawing much from their valuable contributions to the subject. 

The author has to thank Messrs. Ferranti Ltd., Messrs. 
Witting Brothers, Ltd, and The British Thomson-Houston 
Company, Ltd., for their kindness in giving him information 
respecting machines manufactured by them; his friends Dr. 
C. H. Lees of Owens College, Manchester, Mr. T. Mather of the 
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Central Technical College, London, and Miss Patterson, of 
the Manchester High School, for many suggestions and for 
reading the proofs, and also one of his assistants, Mr. W. Hyde, 
for preparing the figures and drawings. 

It is to be hoped that no important error has escaped notice. 
Should, however, any reader detect any errors, the author will be 
glad if he will be good enough to point them out. 


W. G. RHODES. 


‘TowER CHAMBERS, 
Brown STREET, 
MANCHESTER, 
1902. 
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ON 


ALTERNATING CURRENTS 


CHAPTER L. 


Introductory—Law of Force—Unit Pole—Strength of Magnetic Field—Unit 
Current—Magnetic Field due to Solenoid—Distinction between Induction 
and Magnetizing Force—Magnetic Field due to an Electric Current—Self 
and Mutual Induction—Potential—Specific Inductive Capacity—Equi- 
potential Surfaces—Capacity—Condensers—Energy of a charged Condenser. 


INTRODUCTORY. 


1. Magnetic Force.—If a magnet is placed anywhere in 
space and a pivoted magnet or compass needle is placed near it, 
the latter always takes up a definite position relative to the former. 
The magnet exerts a force on each end of the compass needle, 
which has a definite direction at every point at which the needle 
is placed, and the magnitude of the force is the same as if two 
equal quantities, + m and — m, of magnetism (whatever magnetism 
may be), but of opposite sign, were situated at definite points 
within the magnet. These two points are called the poles of the 
magnet, and m is called the Pole Strength. 

If we could isolate one of the poles of the compass needle we 
should find that at every point in space it would be urged in a 
definite direction, due to the action of the magnet, and if it were 
always moved in the direction in which the magnet urged it, 
a definite curve would be traced, the tangent at every point of 
which would give the direction of the force at that point. 

B 
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Such a curve is called a Line of Force, and the whole 
space under the influence of the magnet is called its Field of 
Force. 

2, Law of Force.—If two magnet poles of strengths m 
and m' are situated at a distance 7 apart, they exert a mutual force 
F, which is always given by the equation— 


kvm’ 
i = a (1). 
where & is a constant depending on the medium and the units 
chosen. The force is attractive if mand m’' have opposite signs, 
and repulsive if they have like signs. The direction of the force 
is in the straight line joining the poles. 

We choose our unit pole to be such that if two unit poles 
are placed at a distance of one centimetre apart in air, the mutual 
force exerted is equal to one dyne. ‘The constant / then becomes 
unity for air, and equation (1) takes the simpler form— 

_ mm 


i oe 


If a magnetic field is due not to a single pole, but to any 
‘distribution of poles, the force exerted upon a magnet pole placed 
in it is still perfectly definite in magnitude and direction at 
every point. The magnitude of the force exerted by a magnetic 
field upon unit positive pole placed at any point is called the 
Strength of the Field at that point, and the direction of 
the field is taken to be that in which the unit positive pole is 
urged. The direction of the field, then, is given at every point in 
space by the line of force through that point. By a suitable con- 
vention the strength of the field at every point can also be repre- 
sented by means of lines of force. 

38. Convention for measuring Strength of 
Field.—The convention which is adopted in order to effect a 
representation of the strength of a magnetic field is the assumption 
of a uniform radiation of 47m lines of force from a pole of 
strength m. 3 

Equation (2) shows that the force at a distance r from a pole 


. Mm 
of strength m is —. 
7 


If we suppose that such a pole is situated at the centre of 
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a sphere of radius 7 centimetres, the number of lines of force 
crossing each square centimetre of surface on the sphere is— 


SEE oy 1 

Agr? 
that is, the force at any point on the surface of the sphere is 
numerically equal to the number of lines cutting the sphere per 
square centimetre of surface. 

It is to be noticed that these lines of force cut the surface of 
the sphere normally. By this convention, therefore, we can say 
that the strength of a magnetic field at any point is measured by 
the number of lines of force passing normally through a square 
centimetre with the given point at its centre. 

The number of lines of force per square centimetre passing 
normally through a surface is called the Induction through the 
surface. 

The total number of lines of force passing through a surface is 
called the Total Flux through the surface. 

Uniform Field.—lIf the lines of force in a given region 
are everywhere parallel to the same direction, and if the induction at 
every point is the same, the field of force is said to be uniform. 

4. Magnetic Field due to an Electrie Current. 
—When an electric current flows along a conducting wire a 
magnetic field is produced, the lines of force of which are closed 
curves, some within the substance of the wire and the others 
threading through the circuit. 

Unit Current.—tThe unit of current is defined to be that 
current which, flowing in a conducting wire one centimetre long 
bent into the arc of a circle of one centimetre radius, acts on unit 
magnetic pole placed at the centre with a force equal to one dyne. 

The practical unit of current—the Ampere—is one-tenth of 
the C.G.S. unit of current thus defined. 

Strength of Field inside a Solenoid. — The 
magnetic field inside a helix of many turns carrying a current 
of ¢ C.G.S. units is practically uniform at points at a moderate 
distance from the ends, and its strength is equal to 4rin, where 
is the number of turns per centimetre measured along the axis of 
the helix. If the current is 7 amperes, the strength of the magnetic 


field is given by— p= fin SR Sri Vagrant? & t 


A helix of many turns is sometimes called a Solenoid. 
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DISTINCTION BETWEEN INDUCTION AND MAGNETIZING ForCE. 


5. When iron is placed in a magnetic field it becomes 
magnetized. When soft iron is freshly annealed its magnetism 
disappears if on being removed from the magnetizing field of force 
it is subjected to mechanical vibration. 

Iron possesses the property of causing the lines of force to pass 
through it in preference to the surrounding air—or whatever the 
surrounding medium may be. 

That which magnetizes the iron—or the Magnetizing 
Force—is the strength of the magnetic field in which it is placed ; 
but the number of lines passing normally through each square cen- 
timetre of the iron, or the Induction in the iron, is many times 
greater than the strength of the field in which the iron is placed. 

If we represent the field strength by H and induction by JS, 
then H and BP are identical when the medium in which B is 
measured is non-magnetic. When, however, B is measured in a 
magnetic medium such as iron, we have the relation B = pH. 

mu is a variable quantity depending upon the value of B, and 
is called the Permeability of the iron, and for moderate values 
of B is very large; e.g. in annealed wrought iron when H = 1°6 
units, B = 5000 (about), so that « = 3000. The following table 
gives the values of B and w» for different values of H for Swedish 
iron and grey cast iron. 


TABLE L 
SwenpisH Iron. Grey Cast IRon. 

I. B | Me H. B BM 
0°79 1,500 1,900 5 4,000 800 
0°90 2,000 2,200 10 5,000 500 
115 3,000 2,600 21 6,000 279 
1°38 4,000 2,900 42 7,000 133 
1°67 5,000 3,000 80 8,000 100 
2°03 6,000 2,950 127 9,000 71 
2°48 7,000 2,820 188 10,000 53 
3°00 8,000 2,670 292 11,000 37 
3°67 9,000 2,450 
4°55 10,000 2,200 
8°00 12,000 1,500 

17°50 14,000 800 

35°56 16,000 | 450 
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MAGNETIC FIELD DUE TO A CURRENT. 


6. When an electric current flows in a closed circuit consisting 
of a single loop, a magnetic field is formed, and all the lines of 
magnetic force either thread through the circuit or are within the 
wire itself. Moreover, the number of lines interlinking with the 
circuit is proportional to the current flowing in the circuit, provided 
the permeability of the medium in which the circuit is placed is 
constant. If the total number of lines passing through the circuit 
is V when a current of 7 C.G.S. units is flowing in it, we then have— 


Wm tao ace Ae) 


where Z is a constant depending only on the geometrical form of 
the circuit. 

L is called the Self-induction, or simply the Self- 
inductance of the circuit, and is the total flux of magnetic 
lines through the circuit when unit current flows round it. 

If, however, the closed circuit consists of a series of loops, so 
that each line of magnetic force may encircle the circuit more than 
once, the self-induction of the circuit is the sum of the products 
of each line of force multiplied by the number of times it would 
cut the circuit while being completely withdrawn when unit 
current is flowing through the circuit. 

7. If there are two neighbouring closed circuits, one of which 
carries unit current wider no current flows round the other, the 
number of lines of force interlinking the second circuit due to the 
unit current in the first is called the Mutual Induction, or 
Mutual Inductance, of the two circuits, and is denoted by 
the letter M. It is, however, to be noticed again that if a line of 
force due to the current in one circuit encircles the other circuit 
n times, it must be reckoned 7 times over, since its effect is the 
same as that of n lines of force encircling the circuit once. It may 
be proved that }— 


M = [ [ESS ee Sven 


where ds and ds’ are elementary lengths of the two circuits, distant 
r centimetres apart, and « is the angle between the tangents to the 


' Maxwell’s “Electricity and Magnetism,” vol. ii. pp. 46 and 151, third 
edition, 1892. 
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respective circuits at ds and ds’, the integration extending round 
both circuits. 

The above expression for JZ shows that it depends simply 
upon the geometrical configuration of the two circuits, and that the 
relation is reciprocal. 

It follows that if the two circuits carry currents 7 and 7 
respectively, the number of lines of force interlinking both 
circuits is M(t + 7’). 

8. If two quantities, 91, qo, of electricity are situated at a distance 
7 apart, the mutual force exerted between them is given by— 


kage 
TE se a NO ra 4 a 
where & is a constant depending upon the units chosen, and K is 
a constant depending upon the intervening medium, and is called 
the Specific Inductive Capacity of the medium: it is 
taken to be unity when the medium is air. The force is attractive 
if g, and g2 have opposite signs, and repulsive if they have like 
signs. 

Electrostatic Unit of Quantity.—If the unit of 
quantity of electricity is chosen so that two such units placed 
at a distance of one centimetre apart in air exert a mutual force 
equal to one dyne, / = 1 and equation (6) becomes— 


_ nh 
ae Kr? 
9. When + is varied, an amount of work is done equal to— 
Te es een © 
Ku or K & -) fe rae es ae 


e/ 71 
where #2 and 7; are the initial and final values of 7. If 7o is 
infinite, the work done is— 
9iga 8 
Rey et Os eee 
This is the work done by, or against, the electric force, accord- 
ing as gq; and gz have like or unlike signs, in bringing them to a 
distance 7, from an infinite distance apart. 
The unit of work—the erg—is the work done by a dyne when it 
moves its point of application over the distance of one centimetre. 
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If gg = 1, the work done is— 


Hh 
ett eter ne IO) 


and is called the Potential of ¢,; at a distance 7, and is usually 
denoted by the letter V. 

In the same way the potential at a point distant 7, 72, 73— 
from any system 41, 72, 7z—of electric charges in air is given by— 


= 4 22 1 98 Soe 8 
ht Pega ee hes . Ye 


When the electric force does work in removing a positive 
unit of electricity from a point to an infinite distance away, V 
is reckoned positive; but when a positive unit of electricity is 
removed from the point to an infinite distance away work is done 
against the electric force by some external agent, V is reckoned 
negative. 

When a quantity of electricity is placed in an electric field, 
the force acting on it tends, therefore, to move it from places of 
high potential to places of low potential. 

The surface of an insulated conductor has every point at the 
same potential, since, if such were not the case, any electricity on 
its surface would flow from places of high potential on its surface 
to places of low potential until equilibrium was established. 

Such a surface is called an Equipotential Surface, 
and the value of the potential at any point of the surface is called 
the potential of the conductor. The potential of the earth is taken 
arbitrarily to be the zero of potential. 

10. The potential of an insulated conductor depends not only 
on its size, form, and the quantity of electricity on its surface, 
but also upon its position relative to neighbouring conductors. 
An arrangement consisting of two conductors, one of which is 
insulated and the other (usually, but not necessarily) connected 
to the earth, is called a Condenser. 

The quantity of electricity which must be given to the insulated 
conductor in order that the difference of the potentials of the 
two conductors (or coatings, as they are sometimes called) may be 
unity, is called the capacity of the condenser. 

Capacity.—tThe capacity of a single conductor is the charge 
necessary to raise its potential from zero to unity. 

The C.G.S. unity of capacity is possessed by a condenser whose 
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coatings have unit difference of potential when unit quantity of 
electricity is imparted to one of them. 

The practical unit of capacity is called a Farad, and is 107° 
times the C.G.S. Electromagnetic Unit. 

The difference of potential, V, of the coatings of a condenser 
is proportional to the total charge Q of electricity; hence, if C 
is the capacity of the condenser— 


G2 08 i oso ae 


It is to be noted that one of the coatings of the condenser may 
be the earth itself, in which case V is the actual potential of the 
other coating. 


WORK DONE IN CHARGING A CONDENSER. 


11. The work done in charging a condenser so that the 
difference of the potential of its coatings may be V with a charge 
Q is given by— 


W = | : Vag 


by equation (11) 


Il 
b=) 
ZS 
© 


a 
= 
ROPES ORB So anes 


PROBLEMS ON CHAPTER I. 


1, Find the force in dynes due to two magnet poles of strengths 4 and 10 
respectively, placed at a distance of 5 centimetres apart. 

Answer, 1°6 dynes. 

2. Find the equation to the line of force passing through a given point due to 
two equal and opposite magnet poles. 

Answer, Cos 0, — cos 6, = constant, where @, and @, are the angles between 
the line joining the two poles, and the lines joining the respective poles to any 
point in a line of force. 

3. Find the equation to the line of force passing through a given point due to 
two magnet poles of strength m and m! respectively. 
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Answer. Cos 0, + k cos @, = constant, where & is the ratio of the poles’ 
strengths ; and @,, @, have the same meanings as in Question 2. 

4, What current must pass through a solenoid having ten turns per centimetre 
of length in order that the field strength in its interior may be 5x units ? 

Answer, 1°25 amperes. 

5. Show that if two coils are so situated that all the lines of force due to a 
current passing through one coil interlinks the other, then the coefficient mutual 
induction of the two coils is the square root of the product of the coefficient of 
self-induction of the two coils. 

6. What is the energy of charge of a condenser whose capacity is 5 micro- 
farads when its potential is 1 volt? What is the charge on the condenser ? 

Answers. 25 ergs; 5 x 107‘ coulombs. 

7. What is the specific inductive capacity of the dielectric when the mutual 
force exerted by two quantities of electricity, each equal to 100 coulombs, 
situated 10 centimetres apart, is 0°5 dyne ? 

Answer, 2, 

8. Show that lines of force always cut the equipotential surfaces at right 
angles. 

9. Show that the self-induction of a coil is proportional to the square of its 
number of turns. 


CHAPTER IL. 


Induced Electromotive Forces—Faraday’s Law—Induced Currents—Lenz’s Law 
—Self and Mutual Induction—Energy of a Magnetic Field due to Electric 
Currents—Currents in Inductive Circuits. 


INDUCED ELECTROMOTIVE FORCES. 


12. Induced E.M.F.s.—Faraday showed experimentally that 
if a conductor is moved in a magnetic field, or if there is by 
any means produced a relative motion between the conductor 
and the lines of magnetic force, so that the conductor cuts the © 
lines of force, an electromotive force is induced in it, and also that 
the pate of cutting the lines of force isa measure of the 
E.M.F. induced. Thus, if ¢@N lines of force are cut in an infinitely 
small time d¢ by a moving conducting wire, the E.M.F. e generated 
is given by— 
, aN 
Ceagllakooe re : ee 9. aa 

where / is some constant determined by the units employed. [f, 
further, we take as the unit of E.M.F. that which is induced when 
one centimetre length of wire cuts one line of force per second, 


k = — 1, and the above equation becomes— 
| a ee 9 
ée= dt pea: a ee Rr oS (2) 


The negative sign is prefixed because the E.M.F. is always 
induced in such a direction as to oppose the cause which pro-— 
duces it. 

Equation (2) simply means that the E.M.F. induced in the 
conductor is numerically equal, at each instant, to the rate of 
which it is cutting lines of magnetic force. 

The C.G.S. unit of electromotive force upon which equation 
(2) is based is so small that for practical purposes it is conyenient 
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to take as the unit of E.M.F. that which is induced in a conductor 
which euts 10° C.G.S. lines of force per second. This practical 
unit is called a Volt. 

The direction of the induced E.M.F. depends not only on the 
direction of motion of the conductor, but also on the direction of 
the magnetic field. The following is an easily remembered rule 
for finding the direction of the E.M.F. when the directions of 
motion and of the field are given. 

Suppose that the directions of motion 
and of the field are given by the lines OM, 
OF respectively (Fig. 1), then the induced / ns 
Ii.M.F. is given in direction by the line O# —~€ 
drawn at right angles to both OM and OF 
in such a way that beginning at H and of 
going round in a counter-clockwise direction, 
the order is EMF. 
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13. If the conductor which is moving in a magnetic field 
forms a closed circuit, the induced E.M.F. will produce an electric 
current, and, neglecting self-induction, the value of the current at 
any instant is given by— 

aN 
dt 
‘= ee 
> 
where 7 is the total resistance of the circuit, and N is the number of 
magnetic lines threading through the circuit at that instant. Here 
we suppose that the current 7 is due solely to the induced E.M.F. 

E.M.F. of Self-induction.—If a closed circuit carries a 

current ~@ the number of lines of force of self-induction is Zz 


(§ 6). If, by any means, 7 is varied, an E.M.F. equal to — — 
is induced, or, if Z is considered constant. 
Pe mE re <8) 


dt 


This is called the E.M.F. of self-induction, and is that E.M.F. 
which is induced in a conductor when the magnetic field due to 
the current flowing in it varies. 
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E.M.F. of Mutual Induction.—If two closed circuits 
A and JS, carry respectively currents 7; and 7%, the number of lines 
of force linking A due to mutual induction is Mig (see § 7, Chap. 
I.), and the number linking B due to mutual induction is Wi, If 
the two currents vary there will be E.M.F.s due to mutual 
induction in A and B respectively equal to 
_ d(Mis) _ , _ d(Min) 
a eae 
or if the coefficient of mutual induction, JZ, is taken to be constant, 
these become respectively— 


- 0%? and — 2 Ts (Re 


which mean that the induced E.M.F, of mutual induction in either 
coil is numerically equal to the rate at which that coil cuts the 
lines of magnetic force due to the current flowing in the other. 


ENERGY OF A MAGNETIC FIELD DUE TO ELECTRIC CURRENTS. 


14. CaseE I. Field due to a single eleetrie circuit, 

If a conducting wire carries an electric current, a magnetic 
field is produced. Suppose that at that time ¢ after the circuit is 
made the value of the electric current is i and that the coefficient 
of self-induction of the circuit is L. 

The magnitude of the E.M.F. which opposes the growth of the 
current is— 


ape by § 13, equation (3) 


and the rate at which work is being done which is the product of the 
corresponding instantaneous values of the current and E.M.F. is— 


If Jis the maximum value of the current (when the steady 
state is attained) the total work done against the counter E.M.F. 
is the sum of the products— 


where o¢ is a small element of time corresponding to the value 7 
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of the current. Thus the work, W, expended in creating the 
magnetic field is given by— 


oe 


OANA Eisen aparece (5 


Energy of the Magnetie Field.—This is the energy 
expended in driving the current against the counter E.M.F. of 
self-induction from the instant at which the circuit is made to 
the time when the current attains its maximum value, and it 
has its equivalent in the potential energy stored up in the magnetic 


field. 
CasE II. Field due to currents in two mutually induc- 


tive circuits. 

If J, and J, are the maxima values of the two currents in the 
two circuits respectively, the energy expended in driving the 
currents against their respective E.M.F.s of self-induction will 


(by Case I.) be— 
AIT. Fi and 4D, 1, 


where Z; and Zz are their respective coefficients of self-induction. 

There will, however, be opposing E.M.F.s in each circuit 
due to mutual induction. If @ be the coefficient of mutual in- 
duction of the two circuits, and 7, and 72 be the instantaneous values 
of their respective currents, the opposing E.M.F. in ‘circuit 1 due 
to mutual induction is (§ 13)— 


and that in circuit 2 is— 

diy 
“ dt 

The rate at which work is being done against mutual induction 
in the two circuits taken together is therefore— 


and the whole energy expended in driving the currents against 
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their respective E.M.F.s of mutual induction while the currents 
rise from 0 to J; and 0 to J2 respectively is given by— 


we { ( iM, dig aa itt :) dt 


ue diz “ 
<u f (588 4 ti are 
= Mfd(iys)=MI, . . . . . . 6) 


This together with the work done in driving the currents against 
their respective E.M.F.s of self-induction is the total energy 
expended in creating the magnetic field, and the total energy of 
the magnetic field is therefore given by— 


W= LT, 1;? a 41,1," + MII». . . . . (7) 


This energy is stored up in the magnetic field and is restored 
to the circuits when the currents are stopped. 


ELECTRIC CURRENTS IN INDUCTIVE CIRCUITS. 


15. Casg I. Eleetrie Current in a Single In- 
ductive Circuit.—Let the resistance of the complete circuit 
be 7 and its coefficient of self-induction Z, and let a potential 
difference ¢ be applied between the terminals of the circuit. 

If 7 is the instantaneous value of the current, the instantaneous 
value of the E.M.F. necessary to drive it against the resistance 
of the circuit alone is, by Ohm’s law— 


rT 
The instantaneous E.M.F. due to self-induction, and which 
opposes the passage of the current, is— 
adi 
| dt 
The applied potential difference has, therefore, to balance the 
E.M.F. of  self-induction by providing a component equal 


—L 


to + Le and also to provide a component equal 77 to drive the 


current against the ohmic resistance of the circuit. 
We thus arrive at the equation— 


di 
LZtri=e . sank op) Be Sai 
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This is an equation between the E.M.I.s acting in the circuit 
at the instant at which the current is 7, and if solved will give 
the value of 7 in terms of ¢, ¢, and the constants Z and r of the 
circuit. Since ¢ is usually capable of being expressed as a function 
of ¢, the above equation gives the value of the current at every 
instant of time. 

We dwell at length on this equation, because it is of funda- 
mental importance in the theory of alternating currents, and 
should be thoroughly understood. 

A solution is not possible until ¢ is known in terms of ¢, and 
this is left for consideration in a later chapter. As the equation 
is of paramount importance, we proceed to consider it from a 
different standpoint, and deduce it from the law of Conserva- 
tion of Energy. 

The rate at which energy is being supplied to the circuit at the 
instant at which the value of the current is ¢ is the product 


él, 
and this must equal the rate at which energy is being dissipated 
in heating the circuit together with that used in creating the 
negative field, that is by § 14, must equal— 


vie) + tL, 


Thus we arrive at the equation— 
at gi hans 
iL di +r? =e 
or, dividing by 7; 
di ; 
L di += e 


It must be remembered that this equation is a relation between 
the impressed potential difference, the E.M.F. of self-induction 
and the E.M.F. necessary to drive the current against the resist- 
ance of the circuit at that instant at which the value of the 
current is “4,” 

Case II. Electric Currents in Two Mutually In- 
ductive Circuits.—Let Z,, LZ, be the coefficients of self- 
induction of the two circuits, 71, 72 their resistances, and / their 
coefficient of mutual induction, and let potential differences whose 
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instantaneous values are ¢, ¢2 be applied between their respective 
terminals. Let also 7, 7: be the corresponding instantaneous 
values of the currents flowing in the two circuits. 

First consider one of the circuits alone. 

The function of ¢, is to drive the current 7, against the resist- 
ance 7, of the circuit, and to balance the E.M.F.s due to self and 
mutual induction. 

At any instant, therefore, ¢; must equal the sum of— 

dis 


; di 
Tt, Ty a and M dt 


thus we get the equation— 


di di 
Ty a + Maz a Tyy SH. «© «© © se (9) 
In exactly the same way for the other circuit— 
di di . | 
Lye + Mp + tala = 02 ee 


These are relations between the E.M.F.s in the two circuits 
respectively, and are also two simultaneous equations to determine 
7, and 7, in terms of the other quantities. 

The case of greatest practical interest is that in which e = 0. 
The equations then refer to the primary and secondary circuits 
of a transformer or an induction coil, and are discussed fully in the 
chapter on Transformers. 

Equations (8), (9), and (10) are formed on the supposition that 
the coefficients of self and mutual induction are constant. This 
condition will often hold good since, in most alternating-current 
machinery, to which these equations can refer, the induction in the | 
iron does not approach saturation. 

Equations (9) and (10) may be deduced from the law of 
conservation of energy in the same way as equation (8); but this 
is left as an exercise for the reader. 


PROBLEMS ON CHAPTER II. 


1. A straight conductor 1 metre long is displaced parallel to itself and at 
right angles to a uniform field at a rate of 100 metres per second. If the field 
strength is 100 C.G.S. units, what E.M.F. is generated in the conductor ? » 


Answer. 1 volt. 
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2. A closed circuit whose coefficient of self-induction is 0°5 henry carries a 
steady current of 100 amperes; what is the energy stored up in the magnetic 
field due to the current ? 

Answer, 0:25 x 10" ergs. 

3. Two closed circuits, whose coefficients of self-induction are respectively 
0:5 and 0°75 henry, and whose. coefficient of mutual induction is 0°6 henry, carry 
steady currents of 10 and 20 amperes respectively: what is the energy of the 
magnetic field due to the currents ? 

Answer. 2°95 x 109 ergs. 

4, What becomes of the energy of a magnetic field when the current which 
creates it is interrupted ? 

5. The axle of a railway carriage wheel, 5 feet 3 inches long, moves at the 
rate of 60 miles an hour in the earth’s vertical field [= 0°47 C.G.S. units]. What 
E.M.F. is induced in it? 

Answer. 0°002 volt, nearly. 


CHAPTER III. 


The Production of Alternating Electromotive Forces—Generators—Armature 
Reaction—Circuit with Constant Inductance—Impedance. 


THE PRODUCTION OF ALTERNATING ELECTROMOTIVE FORCES.— 
GENERATORS. 


16. When a closed circuit moves in a magnetic field the rate 
of cutting lines of magnetic force is the same as the rate of 
change of the magnetic flux through the circuit, for since the lines 
of force themselves always form closed curves the flux through 
the circuit cannot change without a corresponding cutting of 
magnetic lines, 

Suppose that a single plane closed circuit 
rotates with uniform angular velocity about 
an axis in its own plane at right angles to 

F the direction of a uniform magnetic field. 

Let O be a point of the axis OX of 
rotation of the coil, OF the direction of 
the field at right angles to OY, and ON 


ae 9. the normal to the plane of the coil at time 


¢, and let the angle, measured in a counter- 
clockwise direction, between OF and ON be 0. 
If B is the intensity of the field, and A the area of the coil, 
the total flux WV through the circuit at the time ¢ is given by— 


N= ABP cos 0 


since A cos @ is the projection of A at right angles to B, or B cos 0 
is the component of the intensity normal to the plane of A. 

If the angular velocity of the coil is p, and ¢ is measured from 
the instant when OWN and OF coincide, then— 


6 = pt 
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so that— 
N= AB cos pi — 
The E.M.F. induced in the moving circuit is, therefore, given 
by— 
| = _ aN 
Tt ate 
AP ae WE i eet ee AD 


which is the rate of change of the magnetic flux through the 
circuit. 

The value of ¢ is therefore zero when pt is 0 or any multiple 
of 27; it then becomes positive and attains a maximum value 
when pt = z, or any odd multiple of 7, and then becomes negative, 
and is a negative maximum, and equal to — ABp when— 


ABp when pt is + any multiple of 27; it becomes zero 


or 


pt = a + any multiple of 27 


As @ increases from 0 to 27 the coil rotates through one 
complete revolution and the value of ¢ goes through a complete 


cycle of changes which repeats itself in every succeeding 
revolution. 


If the coil consists of x complete turns each having an area 


€ 


Fic. 3. 


equal to A, and arranged so that all the turns are placed in series 
and form one circuit of x loops, the induced E.M.F. is increased 
n-fold, and is given by— 


Bae RAD OE PES Var ie ew MD 
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If # is the maximum value of e— 


EF RADE Oe ee Tee eget ee 
and— 
em FC sin 0. | oe ks oe eee 


Such an E.M.F. is called Alternating because during each 
revolution of the coil it rises from the value zero to a positive 
maximum, then passes through the value zero and becomes 
negative, attaining a negative maximum numerically equal to 
its positive one, and then rises to the value zero again. 

Fig. 3 is a graphic representation of equation (4). 

If the extremities of the revolving coil are connected to two 
collecting rings mounted on the axis of rotation and insulated 
from each other so that the coil can be revolved between the poles 
of an electro-magnet, we have an alternating-current 
generator, or an alternator. 

An alternating current may be supplied to an external circuit 
by means of two brushes making rubbing contacts with the col- 
lecting rings. 

The simplest form of alternator consists of either a drum or 
a ring armature which rotates between the poles of separately 
excited field magnets. A diagrammatic representation is given in 
Fig, 4. 


oo 
Fia. 4. 


In such a two-pole machine the E.M.F. developed passes. 
through a complete cycle of changes or alternation once every 
complete revolution of the revolving part. 

As it is necessary for such purposes as electric lighting to have 
not less than about forty complete alternations per second, a two- 
pole alternator would be impracticable except in very small 

machines. If, instead of having but two poles, four alternately 
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north and south poles are placed 90° apart, there will be two 
complete alternations per revolution of the armature. If six alter- 
nately north and south poles are placed 60° apart, there will be 
three complete alternations per revolution, and so on. Machines 
having more than two poles are called multipolar alternators. 
Except for special, or experimental, purposes, multipolar alternators 
are universally used for commercial work. Fig. 5 gives a diagram- 
matic representation of a 6-pole alternator. We do not propose 
to enter into an exhaustive description of the various types of 
alternators, as such would be beyond the scope of this treatise. 
We will, however, give a general idea of the various types of 
machines met with in 


practice. 
17. Types of 
Alternators.— 


There are, broadly 
speaking, three types 
of alternators: (1) 
those in which separ- 
ately excited poles—or 
field magnets— 
are stationary and in- 
ducing coils—or ap- 
mature—rotate; (2) 
those in which the 
armature is stationary 
and the field magnets 
rotate; and (3) In-= 
ductor Alterna- Fia. 5. 
tors, or those in 
which both the field magnets and armature are stationary and the 
flux through the armature coils is varied by masses of iron 
rotating in the gap between the field coils and the armature coils. 
In alternators giving a single alternating E.M.F. the magnet 
poles occupy about one half the circumference of the machine, 
as shown in Fig. 5, as also do the coils on the armature. The 
reason for this is seen by reference to Fig. 5, in which the poles 
are the same width as the spaces between them. If the armature 
coil A were of greater angular width than the distance between 
two consecutive poles NV, S, it would begin cutting lines issuing 
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from the §S. pole before it had finished cutting those issuing from 
the N. pole, or vice versé according to the direction of rotation of 
the armature, with the result that there would be a differential 
effect and the E.M.F. developed would be less than it should be 
for the number of conductors on the armature. 

Of the different types of alternators it is difficult to say which 
is the best. There is one consideration, however, which is worth 
while bearing in mind. Alternators are usually employed for 
generating high E.M.F.s, more especially where energy has to 
be transmitted for a considerable distance; E.M.F.s up to 20,000 
volts being not uncommon. Such being the case, it is advisable 
that the armature coils in which the high pressure is generated, 
and which are subjected to great electrical strain, should not be 
subjected to mechanical strain. This consideration leads us to 
prefer those types in which the armature is stationary, so that 
where high pressures are to be generated machines of the stationary 
field type or inductor alternators are to be preferred. 

We shall for the present assume that the E.M.F.s of all 
alternators are capable of representation as either a single sine 
function of the time, or as the sum of a series of sine and cosine 
functions of the time. In either case we can base our calculations 
on the representation of the E.M.F. as a single sine function (see 
Chap. IX.). 


ARMATURE REACTION, 


18. The E.M.F. generated in the armature of an alternator 
is due to a combination of two distinct causes, First, an E.M.F. 
is generated by the rotation of the armature in a magnetic field, 
and, secondly, there is an E.M.F. set up in the armature by the 
variations of the armature current itself. This latter may be called 
the E.M.F. of self-induction of the armature. Its effect is to 
change the intensity and the direction of the resultant magnetic 
field through which the armature rotates. It is sometimes termed — 
Armature Reaction. We shall show in a later chapter 
(see Chap. XIII.) that the field strength of an alternator may, 
according to circumstances, be either increased or diminished by 
armature reaction. 

The number of lines of force passing through the armature 
due to its own current 7 is Zi, where Z is its coefficient of self- 
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induction. The value of the armature reaction at any instant 1s 
therefore, by § 13, Chap. II., equal to— 
. _ d(Ii) 

dt 


This is variable, since 7 is a function of the time, and the value 
of Z depends upon the variable position of the armature coils 
relative to the field poles, and also upon the induction in the iron 
of both armature and field magnets. 

There is also another source of variation of the magnetic field 
which should be included under the head of armature reaction. 
The variation of the flux produced by the armature currents will 
induce a variable current in the field-magnet coils, and a conse- 
quent variation of the flux due to the field coils themselves. ‘This 
variation is proportional to the mutual induction between the 
armature coils and field coils. Under the same heading may be 
included any variation in the strength of the field due to eddy 
currents induced in the field magnets. 

We shall not, however, for the present, inquire further into 
the effect of armature reaction upon the E.M.F. of an alternator, 
but shall content ourselves with the assumption that both the 
E.M.F. of the alternator and the potential difference between its 
terminals are capable of representation by means of sine (or 
cosine) functions of the time. 

19. We now proceed to obtain the relation between the 
current, the E.M.F., and the constants of a circuit in which we 
can treat the self-indaction as constant. 

The product of the coefficient of self-induction and 27 times the 
number of complete cycles per second is called the Reactance 
of a circuit. An extended definition of reactance is given in § 45. 

The number of complete alternations per second is called the 
Frequency, and is usually denoted by the letter n. 

The time taken for one complete eycle is called the Periodic 
Time. 

We shall denote the whole electro-motive force round a circuit 
by the letters E.M.F., and the potential difference between any 
two points in a circuit by the letters P.D. 


- 
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CURRENT IN A CIRCUIT OF CONSTANT INDUCTANCE WITH A CON- 
STANT POTENTIAL DIFFERENCE BETWEEN ITS TERMINALS. 


20. Let Z be the coefficient of self-inductance of the circuit, 


y ,, resistance of the circuit, 

e  ,, constant P.D., 

@ 4, current at any instant, 

¢t ,, time from the instant when the current is 
made. 


The equation from which to determine the current is (see 
§ 15, Chap. I1.)— 


dt 
Dry, HSE se ltoh on (5) 
The complete solution of this equation is (see Appendix)— 
é .% 
=<(1-<7) Pa 


where « is the base of Naperian logarithms, and equals 2°7 
approximately. 


The exponential term occurring in the solution shows that the 
current does not theoretically attain the steady value “ for an 


infinite time; it, however, practically attains this value after a 
very short time. 


The time 7' taken for 7 to reach the value Le : is given by— 
€ 


ra% log,(- cE le . (7) 


es is sometimes called the Time Constant of the circuit. 


CURRENT IN A CIRCUIT OF CONSTANT INDUCTANCE WITH AN 
ALTERNATING POTENTIAL DIFFERENCE BETWEEN ITS TERMINALS. 


21. Let LZ be the coefficient of self-induction of the circuit, 
r ,, resistance of the circuit, 
% 4 frequency  ,, 
e = F£ sin pt be the applied P. D., 
p = Irn, 
¢ be the current in the circuit at any instant. 
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The equation from which to determine the current is then, 
by §§ 15 and 16—. 


dt 


Le prise Kangte ~§.. «5. &) 
The complete solution of this equation is (see Appendix)— 
. sin (pt — 8) _ 7 
= PP hd ree to x 
a Jat PL + As (9) 
: pL 
where @ given by tan 0 = ise tt Sak ae oe ah et (10) 


A is a constant | 
and « is the base of Naperian logarithms, and equals 2°7 nearly. 
After a very short time <q becomes negligibly small, and 


the current attains a steady periodic state represented by the 
equation— 


ROR Nk) alk) GRETA sh 
vr + 9° LD? 
If we write J for Sa , equation (10) takes the form— 
ve + pe 
Co Jan(got= 0) 2... . <<. (12) 


I is therefore the maximum value of the current. 

Equation (8) shows that the P.D. is zero when ¢ = 0, and 
equation (12) shows that the resulting current is zero, and in- 
creasing in the same direction when— 


0 


t= - 


P 


that is, the current is a sine function of the time, and has its zero 
and maximum values later in point of time than, or lags behind, 


the P.D. by an amount 
The E.M.F. of self-induction is given by— 


— L— = — pl 1 cos (pt — 0) 


= pLIsin( pt -—@- 5) 
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which shows that the E.M.F. of self-induction is also a sine 


Fia. 6. 


function of the time, and lags behind the current in time by an 
amount given by— 


Now, since— 
sin ( pt _ 6) = sin ( pl -— @- 27) 
the Periodie Time is given by— 


9 
t=— 
p 
therefore the E.M.F. of self-induction lags behind 
the current by a quarter of a period. 
The P.D., current, and E.M.F. of self-induction are graphically 
represented in Fig. 6. 
We have seen that the maximum value of the current in an 
inductive circuit is given by— 
fete. 
vr? + pL? | 
The quantity /7? + p*Z? is called the Impedance of the 
circuit. 
In a non-inductive circuit we have— 


I= ee (Ohm’s law) 
resistance 
and in an inductive circuit— 
Ly: Gee 
~ impedance 


The value of pét + @ at any instant is called the Phase of 
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any current, 7 = J sin pt + 0 (or E.M.F.) at that instant, since it 
measures the displacement from its zero value. 

Two alternating currents 7, = /;sin pé and 7 = J:,sin (pt — 8) 
have phases differing by an amount (or angle) 0, which is called 
their Phase Difference. 

Equation (10) shows that in an inductive circuit the difference 
of phase between the current and P.D. is given by— 


tan § = 


PROBLEMS ON CHAPTER IU. 


1. A straight conductor 1 metre long moves parallel to itself in simple 
periodic motion of amplitude 1 centimetre at right angles to a uniform field of 
strength 1000 C.G.S. units. If the periodic time is 0°001 second, what is the 
maximum E.M.F’. generated in the conductor ? 

Answer. 6°28 volts. 

2. A circular conductor whose diameter is 1 metre revolves about a diameter 
with an angular velocity of 10 revolutions per second in a uniform field of 
strength 10,000 C.G.S. units, so that in one position of the conductor the lines 
of force pass normally through it: what is the maximum E.M.F. developed ? 

Answer. 493-5 volts. 

3. A steady E.M.F. is applied between the terminals of a conductor whose 
self-induction is 0°25 henry, and resistance 1 ohm: how long will it take the 
current to reach one-tenth its steady value ? 

Answer. 0°025 second. 

4. What is the maximum value of the current in a conductor whose self- 
induction is 0-5 henry, and resistance 2 ohms, when an alternating E.M.I’., whose 
maximum value is 100 volts, and frequency 100 cycles per second, is applied 
between its terminals ? 

Answer. (©:3176 ampere. 

5. What is the impedance of the cireuit in Question 4? 

Answer, 314-2 ohms. 

6. What is the difference in phase between the E.M.F. and current in 
Question 4? 

Answer. 86° 20’, 

7. An alternator gives a potential difference between its brushes of 1000 
volts when the current is 100 amperes ; if the current is increased to 150 amperes, 
the external circuit being non-inductive, the potential difference falls to 920 volts. 
What is the E.M.F. developed in the armature, the frequency being constant ? 

Answer. 1160 volts. 

8. What is the impedance of the armature in Question 7 ? 

Answer, 1°6 ohms. 

9. What would be the potential difference between the brushes of the 
machine in Question 7 if the current was increased to 175 amperes ? 

Answer. 880 volts. 


CHAPTER IV. 


Capacity in Alternating Current Circuits—Combination of Capacity and Induct- 
ance in series—Combination of Capacity and Inductance in Parallel— 
Reactance—Resonance—Root Mean Square Values. — 


CAPACITY IN ALTERNATING CURRENT CIRCUITS. 


22. If a condenser is placed in an alternating current circuit, 
an alternating current will pass to an extent depending upon the 
capacity of the condenser and the magnitude and frequency of the 
P.D. applied between the terminals of the condenser. The result- 
ing current is the charge and discharge current as the P.D. between 
the condenser terminals alternates. 

If Q is the quantity of electricity on the condenser at any 
instant, the current 7 is the rate of variation of Q and is given by— 


oe a eo as vee 


Now, by § 10, Chap. I., if C is the capacity of the condenser 
and V the P.D. between its terminals, we have the relation— 


Q= CV 
therefore— 
. dQ 
peu 
y 
a 


since C’ is constant. 
Now, suppose that the P.D. is given by— 


V = Vosin pt 
Then— 
dV 
+= Cy 
= CVop cos pt 


= OVepsin (pt +3). Pan etic 
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which shows that the current is in advance of the 
P.D. by a time given by— | 


T 


that is, by a quarter of a period. 

Thus, by reference to § 21, Chap. III, we see that whereas 
self-induction causes the current to lag behind the applied P.D., 
capacity causes the current to lead before the P.D., and whereas 
E.M.F. of self-induction lags a quarter of a period behind the 
current, the E.M.F. due to capacity leads a quarter of a period 
before the current. The E.M.F.s due to self-induction and capacity 
in the same circuit are thus seen to be in direct opposition, and 
may, under suitable conditions, completely neutralize one another. 

We will now proceed to calculate the value of the current in 
alternating current circuits containing capacity. 

23. Electrie Current in a Circuit containing 
Resistance and Capacity only.—Consider a circuit of 
total resistance 7 containing a condenser of capacity C. Let an 
alternating E.M.F. ¢ = #sin pt be applied between the ends of 
the circuit, and let 7 be the resulting current. 

The function of ¢ is to drive the current 7 against the resistance 


7 of the circuit, and to balance the E.M.F. ¢ due to capacity, where 


C 
Q is the charge on the condenser at any instant. We, therefore, 
arrive at the equation— 


rit 9 = Bsin pt | hi Tore 
Differentiating this with respect to ¢, we get— 
di , 1dQ 
tat Gage = PH 8 pt 
or— 
Pes E cos pt 5 
Ta tqaphcopt. . . . . . (5) 


The complete solution of this equation is (see Appendix)— 
t 


OP donc ala) ES 9 
aft + 3 
pC? 
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where— 


tan ¢ = pCr 
¢ is the base of Naperian logarithms, and A is a constant. 
The exponential term in (6) soon dies out, and the current soon 
assumes the steady periodic state given by the equation— 


= Ente) Rete. 
a/13 + GF 


This shows that the current leads before the E.M.F. by a time 
t= 4 An example of such current and E.M.F. curves is given in 


Fig. 7. 


24. Electric Current in a Circuit containing 
Resistance, Capacity, and Self-induction in 
Series.—Let the total resistance of the circuit be 7, the co- 
efficient of self-induction DL, the capacity C, the E.M.F. e= E sin pt, 
and the resulting instantaneous value of the current 7. 

The E.M.F. ¢ has to drive the current 7 against the resistance 
7, and to balance the E.M.F.s due to self-induction and capacity. 
Therefore— 


aise 
La tri t+ a= Hsin pt . Ais fica ee (S}:3 


where Q is the quantity of electricity on the condenser at any 
instant. 
Differentiating equation (8) with respect to ¢, we get-— 
1dQ 


I+ 1 o + Cadp = LE 008 pt 


EFFECTS OF CAPACITY. ol 


or by (1)— Bev eras. 
7 7 7 
Lin Le "at a G=Pe COs pt ele Ee os (9) 


From this we find that when the current has reached a steady 
_ periodic state its value is given by (see Appendix)— 


E sin (pt — 9) 


Pansies e(t--b)) oe 
where— : 
pL - oe 


tan ¢ = H 


This shows that the current lags behind or leads before the 

: 1 1 

E.M.F., according as pL is greater or less than Ps If pL = a 
the self-induction and capacity exactly balance each other. 


The quantity pL — m is called the Reaetance of the circuit. 


In an inductive circuit the reactance is positive ; in a circuit con- 
taining capacity only it is negative ;\in a circuit containing both 
inductance and capacity it is positive or negative according as pL 


is greater or less than ue 


pC 

When a circuit contains both inductance and capacity in such 
proportion that the reactance is zero, we have the phenomenon of 
electrical Resonance. 

25. Electric Currents in Parallel Circuits, one 
Branch of which contains Resistance and Self- 
induction and the other Resistance and Capacity. 
—Let 7, and Z be the resistance and self: induction in one branch, 
and 72 and C the resistance and capacity in the other branch. Let 
i, 42 be the currents in the two branches and v = V sin pt the 
common P.D. between their terminals. 

The equation for the inductive branch is— 


dt 
Li, + ryt, = V sin pt 
and that for the capacity branch is— 


rig + = V sin pl bis fe Oo a” AD 
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where @ is the quantity of electricity on the condenser at any 
instant. Therefore by §§ 21 and 23— 


. _ Vsin (pt — 0) 

CS a . (12 
i Jr? + pL? (12) 
ij ee Se 


maid Ge 
AJ + on 


where tan @ = ph 


ye, 


1 


and tan @ = =O; 
2 


Equations (12) and (13) show that for high frequencies (i.e. » 
is large) nearly the whole of the current goes through the con- 
denser branch. 

The current 7 in the main circuit is the resultant of the 
currents % and 7, and is given by— - 


2 = i? + is? + Livia cos (0 + 6) 


eS ie Crirs — pL 
= 1; + i? + 2ina| a . (14) 
If— 
L= Cryo 
i iy? +. ig? 


and %, % differ in phase by a right angle. 


MEASUREMENTS OF ALTERNATING CURRENTS AND ELECTROMOTIVE 
FORCES. 7 


26. In taking electrical measurements in alternating current 
circuits special types of instruments are necessary. 

Instruments which can be used for alternating current measure- 
ments can usually be employed for direct current measurements, 
but the converse is not true. 

All instruments for the measurement of alternating currents 
and E.M.F.s depend upon a square law and the deflections are 
proportional tothe mean square of the quantity tobe measured. 
Amongst instruments for the measurement of alternating currents 
may be mentioned electro-dynamometers, and Kelvin 
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Balances ; amongst those for the measurements of E.M.F.s 
are Electrostatic and Hot Wire Voltmeters. 

It is of importance, therefore, to clearly understand what it is 
that is actually measured by alternating-current instruments. 

It has been stated that the deflections are proportional to the 
mean square of the quantity to be measured. 

The instruments may be provided with a uniform scale and 
the square root of the reading taken as a measure of the current or 
E.M.F., or they may be graduated to read direct, in which’ case 
the scale will not be uniform. Whatever way the instrument is 
graduated, the quantity measured is, therefore, a root mean 
square value. 


Root MEAN SQUARE VALUES. 


27. The reason why root mean square values are taken in 
alternating-current measurements is obvious, for since the average 
value of a periodic current is zero, an instrument in which the 
deflection is proportional to the current would show no deflection, 
and it is necessary to employ instruments which are deflected in 
the same direction whatever be the direction of the current through 
them, that is, we must employ instruments which measure the 
mean square of the periodic quantity 


i= I sin pt 


where 7 is the instantaneous value of the current at any time ?; 
p = 2nn, nv being the frequency; and J is the maximum value of 
the current. 

The root mean square value of the current is obtained by 
dividing half the periodic time into an infinite number of parts, 
taking the sum of the squared values of the current at each of 
these points, dividing this sum by half the periodic time, and 
extracting the square root of the result. 


The periodic time is =, so that half the periodic time is | 


If we write A for the root mean square current, we have, 


therefore— 
tev p Ay mp sin? pt dt 


. (15) 


SI 
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Or, the root mean square current is numerically equal to the 
maximum value divided by ,/2 
If the E.M.F. is represented by— 


e= sin pt 


the root mean square E.M.F. V, is similarly given by— 


V= / ab sin? pt dt 
E 


=e 2 8) 


We shall in future use the letters R.M.S. to indicate root mean 
square values. 

It was proved, see § 24, that in a reactive circuit of self- 
induction Z and capacity C— 


Therefore— 


bo 


 / let (01 ~<a) f 60 a 


We see, therefore, that the equation— 


E.M.F. 


Current = = 
impedance 


is true both for maximum and R.M:S. values of current and 
E.M.F. 


PROBLEMS ON CHAPTER IV. 


1. What is the maximum current in a circuit having a capacity of 2 micro- 
farads, and a resistance of 10 ohms, when an alternating E.M.F., whose maximum 
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value is 100 volts, and frequency 100 cycles, per second, is applied between its 
terminals ? 

Answer. 0°126 ampere. 

_ 2. What is the impedance of the circuit in Question 1 ? 

Answer, 795°2 ohms. 

3. What is the difference in phase between E.M.F. and current in Question 1? 
Draw curves respecting them. 

Answer. 82° 50’. 

4. What is the self-induction of a coil through which, when 100 R.MLS. 
volts is applied between its terminals, a currerit of 5 amperes passes, the 
frequency being 80 periods per second, and the resistance of the coil pens 
05 ohm ? 

Answer. 0°0386 henry, nearly. 

5. The maximum value of an alternating current is 100 amperes: what is 
its average value over half a period from zero to zero? 


200 
Answer. —— amperes. 
Tv 


6, The R.M.S. value of an alternating E.M.F. is 100 volts: what is its 
maximum value ? 

Answer. 141°4 volts. 

7. A coil having a self-induction of 0°05 henry allows a current of 3 R.M.S 
amperes to pass when the frequency is 100: what is the P.D. between tte 
terminals, the resistance of the coil being neglected ? 

Answer. 94:25 volts. 

8. What is the P.D. in Question 7, if the resistance of the coil is 5 ohms ? 

Answer. 954 volts. 

9, What is the frequency when a current of 1 ampere is sent through a coil 
having a self-induction of 0°75 henry, a P.D. of 200 volts being applied between 
its terminals, the resistance of the coil being negligible ? 

Answer. 42°44, 

10. What is the frequency in Question 9, if the resistance of the coil is 10 ohms § ? 

Answer, 42:4, 

11. A condenser of capacity 10 microfarads is connected between the 
terminals of an alternator giving 1000 volts at a frequency of 50 periods per 
second ; what is the current ? 

Answer. x amperes. 

12. If a resistance of 10 ohms is inserted in series with the condenser in 
Question 11, what current will pass ? 

Answer, 3°14 amperes. 

13. If a self-induction of 0°05 henry is placed in series with a capacity of 
1 microfarad, and a P.D. of 100 volts, at a frequency of 100 periods per second, 
be applied between the extreme terminals, what is the current ? 

Answer. 0°0641 ampere. 

14. A circuit contains in series a resistance of 10 ohms, a self-induction of 
0:5 henry, and a capacity of 0°5 microfarad : what is the current if the P.D. 
between the terminals of the arrangement is 100 volts, and the frequency 80 
periods per second ? 

Answer. 0°0268 ampere. 
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15. What is the fall of potential (1) along the resistance, (2) the self-induction, 
and (3) the capacity in Question 14? 

Answer. (1) 0°268 volt, (2) 6°74 volts, (3) 1066°3 volts. 

16. What value of the capacity will make the circuit in Question 14 non- 
reactive ? 

Answer. 17-9154 microfarads. 

17. What is the difference in phase between E.M.F. and current in 
Question 14? 

Answer. 89° 51’, 

18, Prove that the R.M.S, value of a simple periodic function is the maxi- 
mum value divided by ,/2, employing the simple trigonometrical method as on 
page 39, 


CHAPTER V. 


Expression for Power—Measurement of Power. 


POWER GIVEN TO ALTERNATING-CURRENT CIRCUITS. 


28. The power given to a circuit by a continuous current is 
the product of the current flowing in it and the P.D. between 
its terminals, and is given in watts when the current is given in 
amperes and the P.D. in volts. The power given to circuit by 
an alternating current cannot be determined in this fashion, for 
whereas in a continuous-current circuit the current and P.D. 
always act in the same direction round the circuit, in an alternating- 
current circuit there are, in general, times occurring periodically 
when the current and P.D. act in opposition and the circuit is 
giving back energy to the source. 

We have seen (see Chap. IV.,§ 24) that when an alternating 
P.D. ¢ = £ sin pt is applied between the terminals of a circuit 
containing resistance, self-induction, and capacity in series, the 
resulting current is given by— 


E sin (pt — 0) 


= J sin (pt — 0) 
1 
fh 


where tan 9 = 


the notation being the same as in Chapter IV. 

The power being given to the circuit at any instant of time ¢ 
is the product of the P.D. and corresponding current at that 
instant, that is the product— 


ET sin pt sin (pt — 6) 
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The energy given to the circuit during a‘small interval of time 
dt is therefore— 


ET sin pt sin (pt — @)dt 


If we divide a complete period of the current into an infinitely 
large number of infinitely small times dé, and take the sum of 
the energies given to the circuit during those times, we shall 
obtain the total energy given to the circuit during a time equal 
to a periodic time of the current, and if, further, we divide 
the expression thus obtained by the periodic time, we shall 
have the average or mean power given to the circuit. 

Denoting the mean power by P, we therefore have— 


2a 
Bites if ? ET sin pf sin (pt-— Oat 


°o 


E 
= 7 008 0 ee te le See ee, Ne (1) 


That is the power given to an alternating- 
current circuit is half the product of the maxi- 
mum current and the maximum P.D. multiplied 
by the cosine of their phase difference. 

The expression for the mean power may be written— 


_ # See 
res ae 
=: VA ces Bis ois ea 


P 


where H and J are the R.M.S. values of P.D. and current 
respectively. | 

Thus the power given to an alternating-cur- 
rent circuit is the product of the R.M.S. values 
of the current and P.D. multiplied by the cosine 
of their phase difference. 

The R.M.S. values EH and J are the quantities measured — 
respectively by a voltmeter placed between the terminals of the 
circuit and an ammeter placed in the circuit. Since cos @ is always 
less than unity, we see that the product of amperes and volts 
is, unless 0 = 0, greater than the power given to the circuit. 

In contradistinction to the true power, H/ cos 6; the 
product #7 is called the apparent power, and the ratio 
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of the true power to the apparent power is called the power 
factor. Thus— 


true power 
Power factor = P 


apparent power 
= cos 0 


The expression for the mean power given to a circuit may be 
deduced in the following simple manner. 
The instantaneous power given to the circuit is— 


ET sin pt sin (pt — 0) 


= 2 sin pt sin (pt — 0) 
= FF cos 0 —cos(2pt-O)}. . . . . (3) 


Now the average value of cos (2p¢ — 0) taken over a complete 
period is zero, since for every positive value it has an equal 
negative value. Also cos @ is constant; therefore the taking 
the average value of the power over a complete period, we get— 


EI 
Ps “a {average value of cos 9 — average value of cos (2pt — 0)} 


EI 
= —F Cos 7] 


= HI cos 6 


~ 


Fie. 8. 


In Fig. 8 curve 1 is the curve of the P.D. Curve 2 shows the 
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resulting current in an inductive circuit. The ordinates of curve 3 
are the products of corresponding ordinates of curves 1 and 2, and 
the curve shows the variation of the power. The straight line 4 in 
the figure shows the mean power. A close study of these curves 
will amply repay the reader. 


MEASUREMENT OF POWER. 


29. Since the power given to an alternating-current circuit 
cannot be determined by the use of a single ammeter and voltmeter, 
special means for its measurement have to be devised. 

Various methods involving combinations of ammeters and 
voltmeters may be employed, but the simplest method of 
measuring power is the use of a single instrument called a 
Wattmeter. : 

The wattmeter generally consists of two vertical coils of wire 
arranged so that one is fixed and the other is capable of rotation on 
a vertical axis. The two coils are placed so that their planes are 
at right angles to each other. One of the coils, a thick coil of few 
turns, is placed in series with the circuit in which the power has 
to be measured, while the other coil, a long thin wire coil of high 
resistance, is placed directly across the terminals of the circuit. 
The thin wire coil has so high a resistance that the current passing 
through it is very small, and should be. arranged so as to have 
as low a self-induction as possible, while the thick wire coil 
carries the whole current passing through the circuit. 

The magnetic field due to the thick coil is therefore proportional 
to the current passing through the circuit, and that due to the 
thin coil is proportional to the P.D. between its terminals. The 
mutual force exerted by the two fields when the planes of the coils 
are at right angles is at any instant proportional to the pro- 
duct of the current passing through the circuit and the P.D. 
between its terminals. Thus the mutual action is at any instant 
proportional to the power which is being given to the circuit at 
that instant. 

The movable coil is suspended so that its geometrical centre 
coincides with that of the fixed coil, and is attached to a torsion head 
by means of which the coils may be kept with their planes at right 
angles to each other, and the mutual force is measured by the angle 
through which the torsion head has to be rotated to do this. 
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The average mutual force would produce a steady deflection 
of the movable coil and is measured by the angle through which 
the torsion head is rotated to keep the two coils at right angles to 
each other. | 

If @ is the angle through which the torsion head is rotated, the 
power, P, is given by the equation— 


P=k0 


where & is a constant which has to be determined experimentally. 
The unit of power—the watt—is equal to 10’ ergs per second. 
We shall deal further with this in Chap. X VIL, which treats 
of various methods of measuring power. . 


PROBLEMS ON CHAPTER YV. 


1. What energy is absorbed in five minutes by a coil of resistance 5 ohms 
and self-induction 0.05 henry if 100 volts is applied between its terminals, the 
frequency being 80 periods per second ? 

Answer. 228 x 10° ergs. 

2. What is the power given to a series circuit whose self-induction is 0.05 
henry, capacity 1 microfarad, and resistance 10 ohms, when a P.D. of 100 volts 
at a frequency of 50 periods per second is applied between its terminals ? 

_ Answer. 0.01 watt. 


CHAPTER VI. 
Composition of Periodic Curves of Different Amplitudes but of same Periodic Time, 
GRAPHICAL METHODS. 


30. Consider a point P moving in a counter-clockwise direc- 
tion with uniform angular velocity p round a circle of centre 
O (Fig. 9). Suppose that at time ¢ =o0, P is at the point 4, 
and that at any subsequent time ¢ it occupies a position such 
that the angle AOP = pt. Let AOA' and BOB" be two diameters 
at right angles to each 
other, and let PN be 
drawn at right angles 
to AA’. Let OP=7. 
Then— 


PN = OP sin AOP 
= 7 sin pt 


Therefore PN is a 
sine function of the 
time and 7 is its maxi- 
mum value. 

As FP travels round 
the circle the value of 
PN changes from zero 
to its maximum value OB, diminishing to zero when P reaches 4’, 
after which it changes in sign, attaining a negative maximum 
when at B’, and completing its cycle at A. 7 

If we plot a curve having values of pt as abscissee and the 
corresponding values of PN as ordinates, we obtain the usual curve 
of sines shown in Fig. 3. . 

Suppose now that a second point Q travels round a concentric 
circle of radius 7’ starting from a ¢’ seconds later than P starts 
from A; then at time ¢ the position of @ will be such that the 


Fie. 9. 
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angle w0Y = p(t — #’), andif QM is drawn at right angles to Oa, we 
~ have— 
QM = OF sin p (¢ — ¢’) 
= 7" sin (pt — 0) 
where— 
pt’ = 0 = angle POY 


If we take the sum of PN and QM, we get— 
PN+QM=TL 


where 7’ is determined by completing the parallelogram having 
OP and O¥ as adjacent sides, and Z is the foot of the perpendicular 
from 7’ on Oa produced. 

Thus the sum of PN and QW isa sine function of the time 
having the same periodic time as either PV or QM, but differing 
in phase from either PN or QM, and having its maximum value 
given by the diagonal through O of the parallelogram POQT. 

Hence, if the maximum values of two alternating currents, or 
E.M.F.’s were represented by OP and OQ respectively, the maximum 
value of the current, or E.M.F. resulting from the two when 
superimposed, is determined by the law of composition of Vectors, 
and is the diagonal through 0 of the parallelogram with OP and 
OQ as adjacent sides. 

The corresponding instantaneous values are given by the 
ordinates PN, QM, and 7'L respectively,as the parallelogram POQT' 
is rotated round O with uniform angular velocity. 

31. Suppose we consider the case of a single inductive circuit, 
whose self-induction is Z and resistance r. Let # be the maximum 
value of the P.D. impressed between 
the terminals of the circuit and J 
the maximum value of the current 
produced. 

Let OA (Fig. 10) represent in 
magnitude 7J, that is the E.M.F. 
necessary to drive the maximum 
current against the resistance. This 
is in phase with the current. The 
maximum value of the E.M.F. due 
to self-induction is pZJ (see § 21, 
Chap. III.), and is represented by OZ drawn at right angles to OA 
and 90° behind it. The maximum value of the E.M.F. necessary 


Fia. 10. 
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to balance this is therefore given by OZ’, where OL' = OL. The 
maximum value, #, of the P.D, is therefore given by OZ, the 
diagonal of the parallelogram L'OAZ. 


Thus— 
EF? ries 72]? -. pi? [? 
or— 
LF E 
~ V8 + PEP 


Also the current lags behind the P.D. by an angle 6 where— 
tan 0 = 


Therefore, if the P.D. is given by e= £ sin pt, the current is 
given at any instant by— 


SRE 
~ /ot ob PLP 
which is the same as equation (11) Chap. III., which was obtained 
by other means. 
The instantaneous values of ¢ and 7i are given by the lengths 


of the perpendiculars drawn from the points H and A to the base 
line as the rectangle OA ZL’ revolves about 0. 


CHAPTER VII. 
Algebraic Representation of Vectors—Vector Addition—Products of Vectors. 


THE ELEMENTS OF VECTOR ALGEBRA. 


32. Any physical quantity which requires for its complete 
specification data regarding (1) its magnitude, (2) its direc- 
tion, and (3) its sense along that direction is called a veetor 
quantity. Quantities which are completely specified when their 
magnitudes only are given are called Sealar quantities. 

Mass and energy are examples of scalar quantities; velocity, 
acceleration, force, electric current, and electromotive force are 
examples of vector quantities. 

Vector.—A vector quantity may be completely represented 
by a straight line drawn in a particular direction, the sense along 
the direction being shown by means of an arrowhead, and the line 
containing as many units of length as the quantity to be represented 
contains units of quantity. 

We call a line drawn in this way a vector, e.g. the vector OP 
(Fig. 11) may represent an electric current if its direction is repre- 
sented by the direction of the line OP, its sense from O to P along 
this direction, and if OP contains as many units of length as the 
number of amperes (or other unit of current) in the electric current. 

33. Equality of Vectors.—Two vectors are equal if they 
contain the same number of 
units of length, are parallel to P Y 
the same direction, and have 
the same sense; thus in Fig. 

11 the vector OP is equal to 

the vector O'P’, if the length o ' 
of OP equals that of O'P’, the 
two vectors being parallel and 
of the same sense. If the sense of a vector along a given 
direction is reversed, its sign is reversed, so that— 

PO = —OP 
or PO + OP =O 


Fig. 11. 
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34. Composition of Vectors.—The sum of two vectors 
OP and P@ (Fig. 12) is defined to be the vector OQ. The usual 
meaning of the word Sum is here extended, and if we write— 


OP + PQ=0Q 


we should read OP together with PQ are equivalent to OQ. The 
addition of vectors 1s thus the same as the combination of forces, 
for if OP and PQ represent 
two forces, then O@ represents 
their resultant ; in fact, as we 
have already stated, a force is 
a vector quantity. 

The difference of two vec- 
tors OP and PQ is defined to 
be the sum of the two vectors 
OP and QP, and is, therefore, 
the vector OQ' (Fig. 12) where 
PQ = PQ, that is PQ’ equals 
PQ in magnitude, but is drawn 

Q! in the opposite sense. It may 

Fig. 12. be well to emphasize here that 

the conditions of equality of 

two vectors in no way fixes the vectors in space: they must merely 

be of equal length parallel in direction and of the same sense; so 

long as these conditions are satisfied, the actual positions of the 
vectors in space is immaterial. 

35. Algebraic Expression for a Vector Quan- 
tity. 

Through O draw any two mutually perpendicular lines «0z’, 
yOy'. Draw PN perpendicular to zOz'; the two vectors, ON and 
NP, are then together equal to the vector OP. Any vector can 
thus be resolved into two component vectors parallel respectively 
to zOz' and yOy/. 

Now let us agree to represent unit vector along Ox by +1; 
unit vector along Oz' will then be represented by — 1, since the 
sense is exactly opposite. Let us further represent unit vector 
along Oy by &; then unit vector along Oy’ will be represented by — hk. 

If, then, ON contains a units of length, and NP contains 0 
units, the vector OP is given by— 

OP = ON + NP 
=f _— kb 
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and its magnitude is /a? + 0?; also its inclination 0 to Ox is 
given by— 


b 
tan 9 = — 
a 
J 
Q 
| 
P K 
A A 
a { "NN M & 
y 
Fic. 13. 


In the same way — a +b represents a vector lying in the 
quadrant yOu’; — a —kb, one lying in the quadrant a’Oy'; and 
a — kb, one lying in the quadrant y'Oz. 
36. Vector Addition.—If PQ (Fig. 13) is another vector 
whose components parallel to Ox and Oy are respectively PX 
= NM =a' and KQ = Uk, then the vector PQ is represented by 
a’ +. kb’, and the vector 0Q, which is the sum of the vectors OP 
and PQ, is given by— 
0Q = OM + MQ 

= (ON + NM) + (MK + KK) 

(a +a’) + (kb + kt’) 
=(ata)+k(b+0') 

This gives the law of vector addition, and inherently contains 


that of subtraction also, the difference of the vectors OP and PQ 
being represented by— 


(a—a)+kb — 0’) 
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- MULTIPLICATION OF VECTORS. 


37. Vector Products.—Consider any two vectors OP 
and OQ (Fig. 14), and let OP = ON + NP, where NP is at right 
angles to OQ. 

There are two products to 
take into consideration, viz. the 


product— 
f 0Q. ON 
and the product— 
0 ae 0Q..NP 


Fie. 14. : 
To interpret these, suppose 


that the vector OP represents a displacement produced by the 
action of a force which is represented by the vector OQ. 


The product— 
0Q.0N 


then represents the Work done by the force in moving its point 
of application from the point O to the point VY. This product is 
essentially Sealap, since it is the increase of energy of the system 
on which the force ¢ acts. 


The product— 
0Q.NP 


represents the moment of the force about an axis through the 
point P at right angles to both OP and NP, and is a veetor 
at right angles to the plane OPN. 
It is the scalar product of two vectors with which we are 
chiefly interested, so we leave the vector product for the present. 
By reference to Fig. 14, we see that 


0Q.ON = OQ. OP cos 0 


where @ is the angle between the directions of OQ and OP respec- 
tively; hence the sealar product of two vectors is 
the product of their lengths multiplied by the 
cosine of the angle between their respective 
directions. 

Let the vector OP be represented algebraically by— 


a+ kb 
and the vector 0Q by— 
a + kb’ 


PRODUCT OF TWO VECTORS. 


then (see Fig. 13) the magnitude of OP is— 


‘ / a? 4 h2 
and that of O@ is— 
Va? + 6 
and the angle @ between their directions is — 
: 0 = 0; — 02 
where— 
tan 6; = : 
af 
and— 
b' 
tan 4, = 7 
y B 


iy sad 


y’ 
Fig. 15. 


therefore (see Fig. 15)— 


cos 9 = cos (0; — 62) 
= cos 4; cos 6 + sin 0, sin 4, 
a a! b B 


~ Sa +02 Ja? + nn Jae 2 4/a!? + 5 


0Q.0N = 00Q.0P cs 0 
= /a + B/a? + 62 cos 0 
= aa’ + bb’ 


that is— 
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Thus the sealar product of the two vectors 


athb 
and— 

a’ +. kb’ 
is— 

aa + bb’ 


38. On k as an Operator.—A vector whose length 
is a along or parallel to Ox is represented by a; whereas a vector. 
of the same length, whose direction is parallel to Oy, is represented 
by ka. We may thus regard & as an operator which, when it 
operates upon a vector along Oz, has the effect of turning the 
vector through a right angle in the positive (counter-clockwise) 
direction of rotation without altering its length. The effect of 
similarly operating on ka must, therefore, to be consistent, be to 
turn the vector ka through a right angle in the positive direction 
without altering its length ; that is, it becomes a vector of length a 
along Ow’; that is, it becomes — a. 

We thus have— 

k.ka=kha=—-a 
or— 
w= —-—1 


that is, when using the symbol / in algebraical processes, we 
must regard it as having the properties of the imaginary \/ — 1. 

If we similarly operate with & on the vector — a, we get — ka, 

a vector of length a along Oy’; ; and operating again, we get — ia, 

or + a, a vector of length 


J a along Ox. 
Again, operating on any 
So By vector 
0 we get— 
k(a + kb) = ka + 1° 
y = ka — b 
. Pua ee which (see Fig. 16) is the 


vector a+b turned through 

a right angle in the positive sc at of rotation, its length being 
unaltered. 

That is, if OP is any vector, then k. OP is the 


PRODUCT OF TWO VECTORS. 51 


vector resulting from a rotation of the vector 
OP through a right angle in the positive direc- 
tion of rotation without any alteration of its 
length. 

By similar reasoning we can show that — &. OP represents 
the vector resulting from a rotation of the vector OP through a 
right angle in the negative (clockwise) direction of rotation. 

39. Definition of Lag and Lead.—A vector OP is 
said to lead before, or lag behind, a vector OQ, according as the 
least amount of rotation necessary to bring OP into the same 
direction as OY is in the negative or positive direction. 

It follows, therefore, that the vector /&. OP leads before the 
vector OP by a right angle, and that the vector — &. OP lags 
behind the vector OP by a right angle. 


PROBLEMS ON CHAPTER VII. 
1, Draw diagrams showing the following vectors :— 
k, 1+kh, 2+ 3k, —2-3h, —24 3k. 


2. What is the sum of all the vectors in Question 1 ? 

Answer. —1+ 5k. 

3. What is the product of each of the following pairs of vectors ? 
ot are —~2-—3k — 2 — 3k) 
3+ 3k 3 — 2k ie): oa taal 


Answers. 15; 0; 0; 12. ° 


CHAPTER VIII. 


The Calculation of Electric Currents in Reactive Circuits—Series Circuits— 
Parallel Circuits—Mutually Reactive Circuits. 


THE APPLICATION OF VECTOR ALGEBRA TO ALTERNATING-CURRENT 
PROBLEMS. 


40. Before attempting to read this and subsequent chapters, the 
student is urged to make himself thoroughly conversant with the 
contents of the foregoing chapter on Vector Algebra. All that is 
necessary for a comprehensive study of its subsequent applica- 
tions is there given, and the method is so much simpler and 
more instructive than the more ponderous methods involving the 
calculus and differential equations, that no apology is necessary 
for its introduction. After thoroughly mastering the method, 
which will require a concentrated effort for but a short time, 
subsequent reading will be simplicity itself, and the student 
should experience little or no difficulty in solving most alternating- 
current problems by its help. One feature, perhaps, more than 
any other stamps the method of vector algebra as being par 
excellence the method for the solution of alternating-current pro- 
blems; that is, that while it obviates a profound mathematical 
knowledge, it does not in any way save thought. Each problem 
must be thoroughly viewed and understood in its physical aspects 
before the method of vector algebra can be applied. In the 
following applications we shall endeavour to emphasize the value 
of the method by a judicious selection of problems, and by de- 
ducing the vector equations from physical considerations only. 

41. Before proceeding to apply the method to specific pro- 
blems, we must recall three important propositions, 

Proposition 1.—The maximum value of the induced 
E.M.F. due to self-induction in a circuit is pZJ, where J is the 
maximum value of the current in the circuit, Z is the self-in- 
duction of the circuit, and p = 2rn, where n is the frequency of 
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the current. Also, the E.M.F. of self-induction lags a right 
angle behind the current. For the proof of this, see 
Chap. IIT., § 21. | 

Proposition 2.—If a condenser of capacity C is placed in 
an alternating-current circuit, an E.M.F. whose maximum value is 


a where J is the maximum value of the current flowing through 
the circuit, is generated in consequence, and this capacity E.M.F. 
leads before the current by a right angle. The 
proof of this is given in Chap. IV., § 22. 

Proposition 3.—If two cirouiie, A and B, have a mutual 
induction, MW, the maxima values of the consequent E.M.F.s in 
the circuits A and B are respectively pMJg and pMh, where J, is 
the maximum value of the current in the circuit A, and J, that in 
the circuit B; and these induced E.M.F.s lag a right 
angle behind the currents I, and I, respectively. 

Proof.—Let the current in the circuit B be given by— 


19 = To sin ot 
then the E.M.F. é; induced in the circuit A due to mutual induc- 
tion, is given by— 
d 
y= Mae sin pt) 
= — pM, cos pt 
= pM, sin (x! _ 5) 


The maximum value of this is pMJ/o, and it lags by an angle ; 
behind the current 72; similarly the E.M.F. induced by mutual 


induction in circuit B lags by an angle “ behind the current 4}. 


Thus the proposition is established. 

Having established these propositions, we are in a position to 
proceed to the solution of some typical problems by the aid of the 
vector calculus. | 


CIRCUITS CONTAINING RESISTANCE AND SELF-INDUCTION ONLY. 


42. To determine the Current flowing in a 
Circuit of Resistance r and Self-induction L, 
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when an Alternating P.D. whose Maximum 
Value is e and Frequency is a, is applied be- 
tween its Terminals. 

Let p = 2rn, 

and J be a vector representing the maximum value of the current 

flowing through the circuit. 

Then by proposition 1 and § 38 the vector representing the 
maximum value of the E.M.F. of self-induction in the circuit in 
which the current J is flowing is— 


— kpLI 


The applied potential difference has to drive the current against 
the resistance of the circuit and also to balance the E.M.F. of self- 
induction. The vector e has therefore to be capable of resolution 
into two components—one equal to 7rJ, and the other equal to 
+ikpLI. We thus arrive at the vector equation— 


el + kdl 2:6 Ss 1 eee 


which is essentially a vector equation of E.M.F.s. 

If we reduce the lengths of each of these vectors in the ratio 
\/2.: 1, we may regard the vectors as representing root mean 
square values; but this would not produce any change in equa- 
tion (1), which only depends upon ratios of magnitudes of vectors, 
and therefore holds good if each vector in the equation is multi- 
plied by the same constant. 

Let OP (Fig. 17) represent the vector rJ. 

Then the vector 0Q' = — ipLI represents the E.M.F. of self- 
induction; and the vector PQ = + kpLI, which is equal in length 
to OQ’, parallel to it, but of opposite sense, is the vector repre- 
senting the E.M.F. necessary to overcome self-induction ; therefore 


the vector 
0Q = 0P + PQ 


is the vector representing the applied potential difference e. 
Further, the vector OP, which is in phase with the current, | 
lags behind the vector representing e by an angle, 0, where— 


MG pg a 
? 


Also (see § 35) the magnitude of ¢ is given by— 
c= / 2]? + pil? 
=Th/r + pi? 


INDUCTIVE CIRCUITS. 55 
that is— e 
OR 2 
Vr + pT?” ee 


and if the instantaneous value of the P.D. is given by e sin pt, 
the instantaneous value of the current is given by— 


ee e sin (pt — @) 
VP + ph 
Equation (2), it must be noticed, is not the same as equa- 
tion (1); it is one of several deductions from equation (1), and 


4 
Q 
ply 
Y p 
R) 
yT 
al la" “aie oe 
. T 
2 
\ 
A 
\Q! 
YY 
Fia. 17. 


while (1) is a vector equation involving directions as well as mag- 
nitudes, (2) involves magnitudes only. 

Equation (2) gives us the maximum or the R.M.S. value of the 
current when the maximum or the R.M.S. value of the P.D. is given. 
It-also tells us that the impedance (see § 21) of the circuit is— 


Vet eP 
Referring again to equation (1), it may be written— 
I(r + kpL) = e 
or € 
f= + pe 

es (r — kpL)e 

~ © + bpL\(r — kph) 

_(@ — kpLye 


=e Vig +. pL? 
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since k? = — 1 
| ef RE ed, Sah 
~ yl? * 7 + pL? 
which is a current-vector equation, and states that the current / 
can be resolved into a component 


ke. . (8) 


r 
P+ pie’ © 


parallel to the direction of e, that is, in phase with ¢, and a 
component 


pl 
r+ pire: (— Be) 


at right angles to the direction of ¢, and lagging behind it. This 
is shown graphically in Fig. 18, where OP is the current vector, 


JS 
Q\\ 
—) 
ru y We 
4% 
[ <<. 
a 
me. 
a! NS Py #7 
yY 
Fig. 18. 


and OQ and QP its components respectively along and at right 


angles to the direction of ¢. It should be noticed that the 
product 


(7 + kpL)(r — kpL) 
7? 4 pT? 


since k = — 1, is not a vector product; the quantities , p, and L 
are all scalar, and must not be treated as vectors. 


which equals 


INDUCTIVE CIRCUITS. at 


_We shall frequently make use of the vector equations (1) and 
(3), so they should be thoroughly understood; in fact, to proceed 
further without first mastering them would be useless. 

43. To find the Equivalent Resistance, Self- 
induction, and Impedance of a Inductive 
Circuits conhected in Series. 


Let 71, 72, 73, . . . 7, be the ohmic resistances of the several 
circuits. 
Let Li, Lo, Lz, . . . L, be their inductances. 
61, €2, 3, . . + €, be the vectors representing the R.M.S. 


potential differences between their respective terminals. 

Let 7 be the vector representing the R.M.S. current flowing 
through the series circuit. 

Let p = 2an, where n is the frequency of the current. 

Then, the vector e representing the potential difference 
between the extreme terminals of the series circuit is given by 
the vector equation— 

C=Qytegategt... $e, 
But by equation (1)— 
A= 10 + kp Int 
ig = To oad kp Lon 
eg = 73) + kpLgt 


0, = ty + kplyi 
Now, all the 77’s are in the same direction, viz. along the 
current vector, as also are all the kpZv’s, viz. leading a right angle 
in front of the current vector; they can, therefore, be respectively 
added together numerically, and we get— 


e=uteateyet... +4, 
=(Mm+r+t7g+... +7,)0 


But if # and LZ are the equivalent resistances and self-induction 
of the complete circuit, we have by equation (1)— 


Om Ti thot ws. BB) 
Comparing equations (4) and (5), we see that 
R=entrtrgt... +7, 


Pda tot let... Be 


58 TREATISE ON ALTERNATING CURRENTS. 


and the impedance J is given by— 
T=VR+ pL 


44. To find the Current passing through a 
Circuit containing a Resistance of r Ohms in 
Series with a Capacity of C Farads, when an 
Alternating P.D. of e R.M.S. Volts having Fre- 
quency na is applied between its Terminals. 

Let p = 2rn 

and 7 = the R.M.S. current in amperes. 

The E.M.F. necessary to drive the current against the resist- 
ance of the circuit is— 


rt 
The E.M.F. due to capacity is— 
ki 
pe 
by §§ 38 and 40, since it leads a right angle before the current; 
therefore the E.M.F. required to balance it is— 
| ki 
~ pe 
The applied P.D. has therefore to be capable of eeaslatian into 
the two components, 7i and — =o thus we arrive at the vector 
equation— 
i 
pe 
This equation is represented graphically in Fig. 19, in which 
OP is the vector 77, OY’ the vector representing the E.M.F. due 
to capacity, PQ the vector representing the E.M.F. necessary to 
balance that due to capacity, and O@ that representing the applied 
potential difference. 
The magnitude of ¢ is, by § 35, given by— 


ok Ay he ace 3 


1% — 


ea A ee ee 


therefore— 
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Equation (6) shows that the current leads before the P.D. by an 
angle, 0, given by— 
tan § = ate 
and if the P.D. is given at any instant by— 
FE sin pt 
the corresponding current is given by— 
. FE sin (pt + 0) 


JS 
p 
Q' At 
ke y : 
2 
pe 2 i) g 
By x4 / Py 
Oo 
Jy 
Fria. 19. 


Equation (6) may be changed into a current-vector equation, 
thus— 


1= 


k 
"~ pe 
(, + oy 


i 1 
m+ 3 
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i 
C 
= I .e+ 1 . ke a : ‘ 7 (7) 


This is the current-vector equation, and is represented in 


Y 


Zw’ 


yy! 
Fia, 20, 


Fig. 20, which shows the components of the current along and at 
right angles to the P.D. e. 


COMBINATION OF RESISTANCE, SELF-INDUCTION, AND CAPACITY 
IN SERIES. 


45. Consider a circuit consisting of a coil of wire, having 
a resistance 7, and self-induction Z, placed in series with a con- 
denser of capacity C. Let an alternating P.D. e, of frequency x, 
be applied between the extreme terminals of the circuit, and cause 
an alternating current 7 to flow through it, and let p = 27m. 

The P.D. must have a component 77 in the direction of the 
current, to drive the current against the ohmic resistance 7, a com- 
ponent kpLi, to balance the E.M.F. — kpZi of self-induction, and 
a component — a to balance the E.M.F. + a due to capacity. 
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We therefore have the vector equation of E.M.F.’s 
; - ee 
rt + kpla ~ ot = i 1 le Mr ee (8) 


or 
ri+ Kph - <p)i =e Benes ct. AG 
This equation is graphically represented in Fig. 21, ses OP 
is the vector 77, OL the vector — kpli, OC the vector oD PQ the 
vector — (OL + OC), and OQ the vector e. 


Y 20d 


Fig. 21. 


If OL is greater than OC, the current lags behind the P.D. by 
an angle @, where 


pl - po 


T 


tan 6 = 


If OC is greater than OZ, the current leads before ¢ by an 
angle given by— 


1 
Ses Y 
tan @ = © Z 
If OL equals OC, that is, if— _ 
1 
pl = oC 


the current and P.D. are in phase. 
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st 


Reactance.—We shall denote the quantity pZ — ne by 


the letter s, and call it the reactance of the cireuit. 
Equation (9) then becomes— 


1%. FER BOG Ps 3 a ee 
If the P.D. is given at any instant by— 


EF sin pt 
the corresponding current is given by— 
Hi sin (= 

Jie 


From equation (10) we get— 


nenkne 
7 + kes 

_ er — ks) 
es? 


i 


= a En ie ke. . (11) 
Equations (10) and (11) are equations (1) and (3) extended to 
the case in which the circuit contains both self-induction and 
capacity, the former being an equation of E.M.F.s, and the latter — 
an equation of currents. 
The magnitude of ¢ is given by— 


c=VP+s.4 
whence— 
Fe eo ee 
(VP + 
and the impedance of the circuit is— 
SA Pe OP es ee 


SERIES CIRCUITS. 
46. Suppose that m reactive circuits are connected in series, 
and that an alternating P.D. ¢ is applied between the extreme 
terminals of the combination. We propose to determine the 


equivalent resistance /, and the equivalent reactance S, of the 
combination. 
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Let the resistances of the circuits be respectively 71, 72, 7°3,. . . 
r,, and their respective reactances $1, 52, 83, . . . 8,3; and let the 
potential differences between the terminals of the respective cir- 
cuits be ¢, és, ¢,... @,, and ¢ the current common to all the 
circuits. 
We then have, by applying the equation (10) to each circuit 
in successlion— 
rt + ksyt = 
Tel a ksot = C2 
73t + ksgt = eg 


rib hs,6 =e 


Therefore— ‘ ) | 
C= + lg + Og +e. .-. + Cy 
= ("1 a 12 a ’3 aa aber ps a r,,)t 
+ h(si +s +3 +... +5,)0. . . (13) 
But, applying equation (10) to the combination, we have— 
eae +h... . . «C14 
Thus, by comparison of (13) and (14), we see that 
R=e=ry+trea tr, +... 47, 
and eae 2 (ho) 
S=s +s +s +... +5, 


that is, the resistance and reactance of the series combination are, 
respectively, the sums (algebraic) of the resistances and reactances 
of the constituent circuits. 


PARALLEL CIRCUITS. 


47. Suppose that m reactive circuits are connected in parallel, 
and that it is required to determine the equivalent resistance, 
reactance, and impedance of the combination. It is better to sub- 
divide this problem into two distinct cases, according as mutual 
induction between the circuits is not, or is, taken into con- 
sideration. 

Case 1— Mutual Induction neglected. 

Let the resistances and reactances of the individual circuits be 
11, 72, 3, . . . 7, Tespectively, and s1, 59, 8, .. . s,, respectively ; 
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and let the P.D. common to each circuit be e, the currents in the 
respective circuits being 7%, tg, 13, 6 6 + bn: 

Then, applying equation (11) to each circuit in succession, we 
have the vector-current equations— 


Gs al LR os ie a ee 
me 82" ry + 37° 
‘ 2 89 
ri dg See eee RE 
ee 1? + 83" 73? + 83 
~ vn Sin 
bn = eee eo — ke 
: any + a" rs + ‘i 


But the current 7 in the main circuit is the vector sum of the 
currents in the several branches of the parallel circuit; therefore 
we have the vector equation— 


t=UtRtigt... +t, 
ae har Sie Rate 
es ry + $y" Val og re" : re + sot ae ey Dee + =) 
8} Bin 
{aa tora + 83 Make meets Bie: 
Or, writing— 
A= = manage! Bet iF. 
ry" rs 3" + es + $9" + t re + =] (17) 
Pe 81 Sm ; 
B= ipa tre Tat. hei 
we get— 
a= Ae — kBe 
oe. (A? + Be 
~ AtkB 
€ 
em 7 pe Se ae (18) 


Btpt*- warp | 
And by comparison of this with the equation for the combi- 
nation— 


é 


we see that the equivalent resistance R and equivalent reactance 
S are respectively given by— 
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A 
ho ate 
and . (20) 
B 
eon 


Also, the equivalent impedance J of the multiple circuit is 
given by— 
T=VR+S8? 
1 
(SAP +L Be 


. (21) 


where 4 and B are defined by (17). 

A particular case worthy of attention is that in which the 
arrangement consists of two circuits only, one of which contains a 
resistance 7; and a self-induction Z, while the other contains a 
resistance 72 and a capacity C. 


In this case— 
& = pL: 
Serie aioe 
iol © 5: 
‘so that— 
my 11 19 
Cte Th aa RE 
2 pec? 
i 
pL pe 
9 ? + pl ; ee 
2 F OR 


Also, if i and 7 are the currents in the two branches respec- 
tively— 
: ae U 
O° re + PD 


i : | 
,> 

1 
Nee oe 


and the main current 7 is given by— 
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i= (A — kB) 
/ 1 
oe V1 4 T2 ax [ pL = pC \ 
(7 “4 pL a % Es ) ry 4 id ie ‘ 5 | 7@ 
| 2 po? \ ry + pe? | 


If 7, = o, and p is large, 7 is small, and 7% large, so that the 
greater portion of the current passes through the condenser 
circuit. 

If, in addition, 7; = 0, the main current is given by— 


a — “3 _ pep 
If, further, . = pC, the main current is zero, while the 


currents in the two branches are given by— 
1, = to sa = ple 


that is, a current will circulate round the branch circuits while 
there is no current in the main circuit. It is to be noted that 7; 
and 72 can never be zero, although they may be very small, in 
which case the current in the main circuit will be small compared _ 
with those in the branch circuits. 

CasE 2. Mutual Induction taken into Con- 
sideration.—tThis case is somewhat complicated, since, if we 
consider any particular branch of the parallel circuit, the E.M.F. 
which drives the current against its ohmic resistance is the 
resultant of m+ 1 distinct E.M.F.s, viz. the applied P.D., the 
E.M.F. due to the self-induction of that circuit, and the E.M.F.s 
due to the mutual inductions between it and the remaining m — 1 
branch circuits. ; 

Let the mutual inductions of the several pairs of circuits be 
Mi,2, Miz, ... M,,, . . . where the suffixes denote the two cir- 
cuits to which M refers. Since the mutual induction between two . 
circuits is reciprocal relation, M/,, = Jf,,, where p and qg are any 
different integers from 0 to m. Let the remaining notation be as_ 
in Case 1. Then considering the circuit 1, the applied P.D. must 
furnish m + 1 components, one equal to 77, to drive the current 
against the ohmic resistance of the circuit; a second given by 
ksyi;, to balance the reactive E.M.F. of the circuit ; a third given 
by kpM;,2%2, to balance the E.M.F. due to mutual induction of the 
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circuits 1 and 2 (see Proposition 5); a fourth given by “pM, si, to 
balance the E.M.F. due to the mutual induction of the circuits 1 
and 3, and so on. 

Thus the vector equation of E.M.F-.s in circuit 1 is— 


rh + ksi + kpMi, x12 + kpMi3i3 +... + kpM,t,, = €) 
Similarly for circuit 2— 

kpMo1t1 + Tete + ksete + kpMosi3 + . 2. + kpMantn = & 
Similarly for circuit 3— \ . (22) 

st cet + : + 73lg + hsgig +... +hpMg,t, =e | - 
Shedlacty = cireuit m— 


kpM ats + kpMy aia + kpMysig +... H+ tym + RS phn = €) 


These are m simultaneous equations from which to determine 
the currents 7, 72, 73, . . . %,,, Whence, by substitution, the current 
4 in the main circuit can be obtained by means of the vector 
equation— 

C= ytig¢ig+ et a + 4,, 


In this way we shall arrive, in any particular case, at an 
equation of the form— 


i= Pe + kQe 


where P and @ are independent of % and ¢. Having obtained this 
equation, the equivalent resistance and reactance can be found in 
the usual manner. 

There is no mathematical difficulty in the formation of the 
vector.equations (22), only great care should be taken in expressing 
exactly the physical relations existing between the several circuits. 
There is, however, a more extensive knowledge of mathematics 
required for the general solution of the equations there given, so 
we pass it over for the present, and content ourselves with a con- 
sideration of the simple example of two mutually inductive circuits 
connected in parallel. 

The reader with sufficient mathematical knowledge may refer 
to the Appendix for the general solution. 
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Two REACTIVE AND MutTuaLLy INDUCTIVE CIRCUITS CONNECTED 
IN PARALLEL. 


48. In this case the vector equations to be solved are— 


(71 + ks), + kpMi, 212 = ¢ 
kpMo,1t1 + (72 + kso)ig = € set a ae 
and 
yt+a=t 
whence, on putting— 
M2 = Mo, = M 
and solving as simultaneous equations for 7 and ts, we get— 


{919 — 8189 + p?M? + k( 7182 + 7981) } 01 = {72 + he(s2 — a (24) 
{rir — 8182 + p?M? + k(7182 + 1281) fig = {71 + k(s, — pM) he 
Putting, for shortness — 
7112 — 8482 -- pM = P } 
118 + 7281 = Y 
these equations become— 


(P * kQ)is = {72 + ES) = pM)je (25) 
iP a kQ)is = {1 a k(s, _ ere bs sine fy 


which, by multiplying both sides of the equations by P — kQ, and 
simplifying, may be written— 


(P? + Mia = |Pre+ QO(s — pM) +k{ P( — pM) - fee (26) 
(PP + @Yia = [Pri + Qs: — pM) + k{ PGi — pM) — 719} JeS ¢ : 
These are the vector-current equations giving the components 


of 7% and ig along and at right angles to e. By addition, we 
have—- 


(7 - yi = [P (11 a 79) — ((s1 -p $3 — 2pM ) 
+ k{P(s, + 8 — 2pM) — Qi + 72)} Je . (27) 


which gives the components of the main current along and at 
right angles to ¢; thus the component in phase with e is— 


Pr + 72) + US + & — 2pM) , 
P+ ; 
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and the component: at right angles to ¢, or the wattless compo- 
nent, as it is called, is— 


P(s, + 82 - 2pM) — Uri + 72) 
P+ @ a3 


Adding equations (25), we get— 
(P+ kQ)t = {ri + 12 + h(s1 + 8% — 2pM)}e 
and multiplying this throughout by— 
T+ 1% — k(s; + 82 — 2pM) 


it becomes — 


[Pri +72) + (8; +3,— 2pM) —k{ P(s1+s.- 2pM) _ Q(7"1 +72)} |e 
= {(i+17)? + (1+ —2pM)?}e 


which shows that the equivalent resistance R, and reactance S, of 
the parallel circuit are given by— 


R= P(r, 72) a Q(s1 os & 2pM) 
(71 + 72)? + (81 + % — 2pM/P (28) 
ga Ut) — Pi + & — pM)) 
(t+ P+ (1 + & — 2pM/yP 


and the equivalent impedance J is given by— 


P= + 8? 
he ries 3 
~ (711 + 72)? + (81 + 82 — 29M)? 


or putting in the values of P and Q— 


cer (ry +1 2)(7 172 — 8182 + p?M*) + (81 + 82 — 2p )(77152 +7951) ) 
ri (1 +72)? + (51 +52 — 29M)" 
Ce (171 +12)(7'182 +7281) — (81 + 82 — 2pM)(r172 — 8182 + p?M") 
vi (71 +72) +(81+52,—2pM)" 
a ai (T1772 — $18, ++ p?M*)? + (7183+ = 
(1 +72)? +(81+82—2pM)? 


. (29) 


/ 


49. We will complete the present chapter by another example 
of the use of vector algebra, which is both interesting and in- 
structive. 

Two Circuits, one containing Resistance and 
Self-induction, and the other Resistance and 
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Capacity, are placed in Series between Alter- 
nating-current Mains: find the Fall of Potential 
along the Inductive and Capacity Parts re- 
spectively. 

Let XY (Fig. 22) be the circuit containing resistance 7; and 


{CDOTIWEETEETI- VW WWW 


Fig. 22. 


self-induction Z, and YZ that containing resistance 72, and 
capacity C. 

Let the R.M.S. value of the P.D. between XY and Z be V; that 
between Y and Y, v,; and that between Y and Z, v2. 

Let 7 be the R.M.S. current flowing along XYZ. 

Put 

2anL = 8; 
and— 
1 
~ Qaenl 

so that s; and s, are the reactances of YY and YZ respectively, and 
n is the frequency of the current. . 

Then we have (see § 43), since it is a series arrangement— 


V= {(71 72) a k(sy -- 82) }4 

VY = (71 + si)t 

vg = (72 + ks, 
whence the magnitudes of V, 1, and v2 are respectively given 
by— 


= 82 


Vi=fi(ri + 72) + (81 + 89)? }4 
n= Vret+ 52. i 
V2 = V re + 8. i 
therefore— | 
ym: VaeVre t+ ss 72 + 9? 2 Air + 12)? + (1 + 2)" 
To more fully illustrate this case, suppose that— 
n = 100 
I = 5 henrys 
7, = 5 ohms 
rg = 10 ohms 
C= 0'5 microfarad 
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Then— 
8, = 27 X 100 x 5 = 3141°6 
2 P 
= — 97x 100 x 10% ~ *15° 
whence— 
Vr + 37 = 3142 nearly 
V Tr? + 82" = 3183 nearly 
and— 
VA (7; + 72)? + (8, + %)? = 44 nearly 
Therefore— 
3%: V = 3142 : 3183 : 44 approximately 
That is, if— 
V = 100 volts 
then— 
v, = 7141 volts approximately 
and— 


ve = 7234 volts approximately 


This shows that, even if low voltage mains are used, dangerous 
potential differences between portions of reactive circuits may exist. 


PROBLEMS ON CHAPTER VIII. 


1. What is the phase difference between the current in, and potential dif- 
ference between the terminals of, a coil whose resistance is 10 ohms, and self- 
induction 0°075 henry, when the frequency is 50 periods per second ? 

Answer. 67° nearly. 
| 2. What frequency would make the phase difference 45° with the coil in 

Question 1 ? 

Answer. 21°22 periods per second. 

3. What self-induction must a coil whose resistance is 7°5 ohms have in 
order that, when placed in a circuit of frequency 100, the phase difference 
between the P.D. between its terminals and the current flowing in it may be 60? 

Answer. 0°02074 henry. 

4, What resistance must be placed in series with a self-induction of 0:025 
henry, in a circuit of frequency 75 periods per second, in order that the 
phase difference between the current and P.D. between the terminals of the 
arrangement may be 30° ? 

Answer. 20°4 ohms. 

5, Calculate the wattless and energy currents in Questions 1, 3, 4, in terms of 
the total current 7. 
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Answers. 1. Energy current = 0°39; ; 
wattless ,, = 0°92/. 
3. Energy current = 0:57; 
wattless ,, = 0°865i. 
4, Energy current = 0°866/; 
wattless ,, = 050. 


6. A non-inductive resistancesof 100 ohms is placed in series with a resist- 
anceless inductance of 0:05 henry. If a P.D. of 1000 volts is applied between 
the terminals of the arrangement, how is the fall of potential distributed, the 
frequency being 100? 


Answer. Fall of potential along resistance = 954 volts, 
” ” ” inductance a 299°8 ” 


7. If in Question 6 the inductive part had a resistance of 50 ohms, how would 
the fall of potential be distributed ? 


Answer. Fall of potential along non-ivductive resistance = 652°53 volts. 
a. me » inductive r =56400 *y, 


8. A non-inductive resistance of 10 ohms is placed in parallel with a resist- 
anceless inductance of 0°025 henry. ‘A P.D. of 100 volts is applied between 
their common terminals, the frequency being 80. What current flows in the two 
branches, and what in the main circuit ? 


Answer. Current in non-inductive resistance = 10 amperes. 
Current in inductance = 7-958 amperes. 
Total current = 12°78 amperes. 


9. A non-inductive resistance of 10 ohms is placed in parallel with an induc- 
tive resistance whose self induction is 0°025 henry, and resistance 5 ohms. A 
P.D. of 100 volts is applied between their common terminals, the frequency being 
80. What current flows in the two branches, and what is the total current ? 


Answer. | Current in non-inductive resistance = 10 amperes. 
Current in inductive resistance = 7:394 amperes. 
Total current = 14:467 amperes. 


10. What is the impedance of the combination in Question 9 ? 

Answer. 6°9 ohms. 

11. If two coils having self-inductions L,, L, respectively, and, having 
negligible resistances, are connected in parallel, what is the self-induction of the 
combination ? 


L,L, 
ae 


12. If the coils in Question 11 have self-inductions 0 05 and 0-025 respectively, 
what is the self-induction of the combination ? 

Answer. 0°0167 henry. 

13. If two coils having resistances of 1 and 2 ohms respectively, snd self- 
inductions of 0°05 and 0-1 “henry respectively, be connected in parallel, what is 


Answer. 
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(1) the equivalent resistance, (2) the equivalent self-induction, and (3) the impe- 
dance of the combination, the frequency being 100 periods per second? 

Answer. (1) 0°62175 ohms; (2) 0:0333 henry ; (3) 21 ohms. 

14, An inductance of 0°05 henry having negligible resistance, and a capacity 
of 3 microfarads, are connected in parallel. A P.D. of 100 volts is applied 
between their common terminals, and the frequency is 100 periods per second. 
Find the current in each of the branches and in the main circuit respectively. 


Answer. Current in inductive branch = 3°1831 amperes. 
‘3 condenser ,, = 0°1885 ¥ 
Total current = 2:9946 amperes. 


15, What capacity is necessary so that, when placed in parallel with an 
induction of 0-05 henry, there will be no current in the main circuit, the resist- 
ances of the circuits being negligible, and the frequency being 75 periods per 
second ? 

Answer. 90 microfarads. 

16. Two circuits, one having a resistance of 10 ohms, and a self-induction of 
0-125 henry, and the other having a resistance of 100 ohms, and a capacity of 
25 microfarads, are placed in parallel between the terminals of an alternator 
giving 1000 volts at a frequency of 50 periods per second : what are the currents 
in the two branches, and in the main circuit ? 


Answer. Current in inductive branch = 24:94 amperes. 
condenser ,, = 6:17 iy 
Total current = 21°41 + 


17. What is the impedance of the combination in Question 16? 

Answer. 46°7 ohms. 

18. What is the self-induction of a coil of negligible resistance such that, 
when placed in series with a non-inductive apparatus taking 10 amperes at 
40 volts, will allow of the arrangement being used on a 100-volt 50-frequency 
circuit ? 

Answer. 0°029 henry. 

19, If in Problem 18 the apparatus had a resistance of 2 ohms, and a self- 
induction of 0°011 henry, what should be the self-induction of the coil ? 

Answer. 0°02015 henry. 

20. A coil whose self-induction is 0:04 henry is used in series with an are 
lamp which takes 7°5 amperes at 40 volts, the whole being in a 100-volt circuit : 
what is the frequency of the current ? 

Answer, 43:3 periods per second. 


oP] 


CHAPTER IX. 


Tue Use oF SINE CurRVES IN ALTERNATING-CURRENT PROBLEMS. 
Errect oF HIGHER HARMONICS. 


50. The representation of alternating currents and E.M.F.s by 
sine, or simple periodic, curves is frequently objected to on the 
ground that they do not accurately represent the actual variations 
of the current or E.M.F., as the case may be, and consequently 
cannot lead to accurate results. 

Let us examine carefully the value of this objection, and 
ascertain whether we may expect to obtain true results when we 
assume that alternating currents and E.M.F.s may be expressed 
as sine functions of the time. 

It will readily be granted that all alternating currents and 
E.M.F.s are periodic; that is, that they are all of such a nature 
that there is a certain time, 7’, called the periodic time, in which 
their values go through a complete cycle of changes, and that in 
each succeeding time 7’ this cycle is repeated. It is quite correct, 
then, to represent any alternating current or E.M.F. whatever by 
some periodic function of the time. | 

Now, by a theorem due to Fourier, any periodic function of 
the time of frequency n may be represented by an expression of 
the form— 


a sin (pt — 0,) + dg sin (2pt — 02) + a3 sin (3pt — 03) + .. . ete. — 


where p = 27n, and a, ds, etc., are the amplitudes, and 64, 2, etc., 
the phases. | 

The frequency of the first term is 7, and those of the other 
terms are respectively 2n, 3n, etc. These terms are called the 
first, second, etc.. harmonies of the first term, which is itself 
called the fundamental term. 


ave 
NY 
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Fig. 23 shows a curve C compounded of the fundamental and 
the first harmonic; in Fig. 24 the curve C is compounded of the 
fundamental and the second harmonic; in Fig. 25 the curve C is 
compounded of the fundamental and the third harmonic ; in Fig. 26 
the curve Cis compounded of the fundamental and the first and 
second harmonics; in Fig. 27 the first and third harmonics are 
present; in Fig. 28 the second and third harmonics are present ; 
whilst in Fig. 29 the curve Cis compounded of the fundamental 
and the first, second, and third harmonics. In each case A is the 
fundamental curve, de, a3, a4, the first, second, and third harmonics 
respectively, and C the resultant curve. 


Fie. 29. 


The first, third, etc., harmonics are called the even harmonics, 
because their periodic times are even submultiples of that of the 
fundamental. The second, fourth, etc., harmonics are, for like 
reason, called the odd harmonics. 

The reader should practise drawing curves compounded of the 
fundamental and harmonics, as they are very instructive. 

51. lt is a matter of experience that the even harmonics are 
generally absent from the curves representing alternating currents 
and E.M.F.s, so that we may legitimately represent them by 
expressions of the form— 


a sin (pt — 0;) + a3 sin (3pt — 63) + a5 sin (5pt — 05) + .. . ete. 


78 TREATISE ON ALTERNATING CURRENTS. 


It may be that, in a transformer or other induction machine, 
either the current or E.M.F. follows the simple sine law. The 
presence of iron, however, causes one of them to deviate from the 
sine law. If a sine potential difference is applied between 
the terminals of the primary of a transformer, the primary-current 
wave will be compounded of a sine function and some of its higher 
odd harmonics, and wjll consequently be distorted. 

If a sine current is produced, the applied potential difference is 
distorted. | | 

52. Root Mean Square Value of a Curve 
compounded of a Fundamental Sine Curve and 
its Higher Odd Harmonics. 

Let— 


y= ty sin (pt — 0:) + ag sin (3pt — 03) + .. . ete. 


then— 


y? = a? sin® (pt — 0;) + a3? sin? (8pt — 03) + . . . ete. 
+ 2a,a3 sin (pt — 0,) sin (Spt — 03) + .. . ete. 
+ 2a,a, sin (rpt — 0,) sin (spt — 0) + .. . ete. 


The mean square value of y is— 


that is, the mean square value of y is the sum of a series of terms, 
such as— , 


ar 
p{P 
al a? sin? (rpt — 0,)dt 
= 0 


together with the sum of a series of terms, such as— 


2a 
= | ” Qat,ty, sin (rpt — 0,) sin (spt — 0,)dt 
0 
odd. 


where 7 and s are always olat integers. 
Now— 


2a 
P a, 
# | a, sin? (rpt — 0,)dt = > 
7 0 aad 
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if 7 is any integer whatever, and— 


= | ” 20,0, sin (rpt — 0,) sin (spt — 0,)dt = 0 
. . 


if 7 and s are either both even or. both odd. But as we have only 
to consider the case in which » and s are always odd, the mean 
square value of 7 is— 


ay +a +a; +... ete. 
therefore the R.M.S. value of y is— 


/ +a"+as +... ete. 
2 


which is independent of 61, 42, 83, etc.; that is, the R.M.S. values 
of functions containing only the fundamental and odd (or even, 
but not both) harmonics depend solely on their maxima values, 
and are independent of their relative phases. 

The R.M.S. value of any alternating current or E.M.F. can 
therefore be represented by a definite vector. 

53. Root Mean Square Values of Alternating 
Currents and E.M.F.s can be compounded as 
Vectors, whether they be Simple Sine Functions 
or not. 

We now proceed to show that all R.M.S. values of alternating 
currents and E.M.F.s can be compounded as vectors, whatever be 
the shape of the curve representing them. 

In Fig. 30, let AB be a non-inductive resistance Rk, and BC a 
coil having resistance and self- A 


; f B 
induction. ; c 
Let 7, v2, and v be the corre- 
sponding instantaneous values 
Fie. 30. 


of the P.D. between A and B, 
B and C, A and C respectively, and let the respective R.M.S. 
values be Vy, Vo, and V. 
Let « be the instantaneous current passing through the circuit, 
and P the power given to the inductive circuit BC. 
Then— 
V=%U,+ VW 
therefore— 
v= v2 + Qyv2 + v9" 
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and by Ohm's law— 
= v7 oa 2 Rives Vo" 


therefore— 
2 Rive =y— v2 — V2 


id . 
ae | inglt = 7, | (v% — 0,2 — vd 
0 0 


where 7’ is the periodic time. 


therefore— 


Therefore— 
2RkRP = V3 —_ V2 -s V2 
or— 
V2 — V2 — Ve 
igibees: 25 


In proving this formula (which gives the three-voltmeter 
method of measuring the power given to an inductive circuit), no 
assumption whatever is made respecting the shape of the E.M.F. 


curves. 
Now, let J be the R.M.S. current flowing through ABC; then, 


since F is non-inductive, we have— 


Vy 
pie 2 
therefore — 
5 ee ee Ts ae 
EP ie | age 
V2 — V?— V3? 
Bia 8 oe 
If we now put— 
Es Va Fe cos 
EV Ty. cee 
which is admissible, since v is never greater than 7 + v2, we get— 
P= Vol cos @ 


which is the same as if the quantities were simple sine functions of 
the time, and ¢ the angle of lag or lead. | 

The point to notice is that the expression for cos @ is what it 
would be if the P.D.s were definite vectors. This is seen by 


reference to Fig. 31. 
We may call » the equivalent iaaoatloser ae between 
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Vand 7. To give a geometrical interpretation, ¢ is the phase- 
difference between two simple periodic functions whose R.M.S. 
values are Vg and J. 

We call an equivalent sine curve one which has the 
same R.M.S. value as a given periodic curve which is not itself 
necessarily a simple sine curve. 

54. It follows that, so long as the E.M.F.s and currents are 
such that each half-wave is identical with the preceding one, 
except in sign, as is usually the case, their R.M.S. values can be 
compounded in a vector fashion. 

If we are dealing with a circuit whose self-induction and 
resistance are constant, the diagram of E.M.F.s is shown in Fig. 32. 


2 pl 


‘e) RI 
Fig. 31. Fig. 32. 


E is the R.M.S. value of the impressed P.D. The E.M.F. neces- 
sary to overcome the resistance is RJ, and that required to balance 
the self-induction is pLJ, where p = 27 times the frequency, Z is 
_ the self-induction, and 7 the R.M.S. value of the current. 

If there is iron in the immediate neighbourhood, the per- 
meability depends upon the current, and the self-induction of the 
circuit is no longer a constant quantity. 

In consequence of this the E.M.F. curve becomes distorted, 
and differs in shape from the current curve. 

It should be noticed that Fig. 32 holds good either for maxima 
or R.M.S. values of E.M.F. and current, when the self-induction of 
the circuit is constant, and the impressed P.D. is a sine function of 
the time. : 

We have seen that the power given to an inductive circuit may 
be written in the form of— 


P= VI cos @ 


where V and 7 are R.M.S. values, and cos @ is a multiplying 

factor less than unity. This shows that in cases where only R.M.S. 

values are concerned, the effects are just the same as if the actual 

P.D. and current were replaced by a sine P.D. and current having 
G 
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the same R.M.S. values, and having a differ- 
ence of phase equal to 4. 

55. We are now in a position to say that calculations based 
on the assumption that the E.M.F.s and currents are simple sine 
functions are perfectly legitimate, provided (1) that only R.MLS. 
values are involved, (2) that the assumed sine values of the 
E.M.F.s and currents have the same R.M.S. values as the actual 
E.M.F.s and currents have, and (3) that only odd terms of 
Fourier’s Series are involved. 

We can, for instance, calculate the effects of hysteresis and 
eddy currents on the assumption of equivalent simple periodic 
values, but we cannot, on the same assumption, draw any conclu- 
sion whatever respecting the amount of insulation necessary in any 
particular case, since the maximum E.M.F., and not its R.M.S. 
value, determines the insulation needed. 


PROBLEMS ON CHAPTER IX, 


1. What are the maxima values of the equivalent sine curves of the 
following ?— 


(i.) 1000 sin 750¢ + 100 sin 2250¢, 
(ii) 100 sin 300¢ + 10 sin 900¢ + 5 sin 15004. 
(iii.) 250 sin 240¢ + 50 sin 720¢ + 10 sin 120 ¢. 


Answers. (i.) 1005; (ii.) 100°62; (iii.) 255-1. 
2. What are the equivalent phase differences between the following pairs of 
curves ?— 
t = 100 sin 300¢ 
(i) e = 500 sin ( 3008 - 5) + 50 sin ( 9008 *) 
k t = 100 sin 450¢ + 10 sin 1350¢ 
) e = 800 sin (450¢ ~ 7) + 30 sin (1350¢ - i) 


Answers. (i.) 30° 30’, (ii.) 45°. 


CHAPTER X. 


Choking Coils for Non-inductive and Inductive Circuits—Design of 
Choking Coils. 


IMPEDANCE COILS. 


56. Impedance coils, or choking coils, as they are often called, 
are simply coils having low ohmic resistance and high self-induc- 
tion, They are formed by winding a coil of copper wire round a 
laminated iron core, and are used for the purpose of absorbing a 
portion of the pressure between constant potential alternating 
current mains when it is desired to place between the mains any 
apparatus which requires a voltage less than that between the 
mains. 

For example, a single open arc lamp requires a pressure of 
about 40 volts, and if such a lamp is to be run from 100-volt 
mains, the pressure must be by some means lowered to suit its 
requirements. bs 

An obvious means of accomplishing this would be to place a 
non-inductive resistance in series with the lamp such that about 
60 volts would be required to drive the current against the resist- 
ance, but this is an extremely wasteful device. To illustrate the 
point, suppose that the arc lamp required a current of 10 amperes 
at a pressure of 40 volts, and that only 100 volts was available. 
A resistance of 6 ohms placed in series would then absorb 60 volts, 
leaving the necessary 40 volts to run the lamp. The power used 
in running the lamp would be 400 watts, while that wasted in the 
resistance would be 600 watts. If, as is often the case, the con- 
sumer was charged so much per ampere-hour, the waste energy 
does not affect him, since in either case he pays too much for the 
energy he uses; if, on the other hand, he is charged per kilowatt- 
hour, he has to pay for a single lamp for as much energy as would 
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work 24 lamps. Thus if an ampere-hour meter, or coulomb meter, 
is used, the consumer is the loser; and if a watt-hour meter, 
or energy meter, is employed, the consumer does not get value 
for his money. The use of a series resistance is, therefore, 
inadmissible. 

With continuous-current mains, the only alternative to a resist- 
ance is a motor-generator ; but with an alternating-current supply, 
the reduced voltage may be otherwise obtained: (1) by the use of 
a choking coil, (2) by means of a step-down transformer, and (3) 
by a motor-generator of some description. 

Of these methods the use of a step-down transformer, or a 
choking-coil, is generally adopted. Either of these is equally 
satisfactory to the consumer, provided the primary coil of the 
transformer is only excited when required. The supplier prefers 
to use transformers because the inductance is small on closed 
secondary circuits, whereas if many choking coils are connected 
with the supply mains the load will. be highly inductive, and the 
regulation of the generating plant will be rendered very difficult 
(see Chap. XITI.). 

57. There are two cases for consideration: (1) that in which 
the apparatus to be worked is non-inductive, and (2) that in which 
it is inductive. 

CasE 1. Apparatus Non-inductive. 

Let the R.M.S. voltage of the supply be V. 

Let v; andi be the pressure and current required for working 
the non-inductive apparatus. 

Let v be the pressure between the terminals of the choking coil 
necessary for the purpose. 

We shall assume that the resistance of the choking coil is 
negligible, so that the current 7 lags 90° behind 
i —E the P.D. between its terminals. Also, the 
¥ P.D. v; is in phase with 7, since the apparatus 
_ is non-inductive. ; 

7 A ae Let OA (Fig. 33) represent v, and. OZ re-- 
present v. 
a Then V has to supply a component OA to 

Fic. 33. drive the current against the resistance of the 

apparatus, and another component OL’ to balance 
the E.M.F. of self-induction of the choking coil; that is, V is 
represented by the vector OL. 


SS 
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We therefore have— 
V? = vy “yo v2 
or— 


No) es a eee ene by 


If, therefore, Z is the self-induction of the choking coil, and 


p = 2x, where x is the frequency of supply, we have— 


a? 
pla =v 


es VA — ve 


Therefore, the self-induction of the choking coil necessary for 
the purpose is given by— 


L=iVVam Sse as £5. 


? being the R.M.S. value of the current in amperes. 

CasE 2. Apparatus Inductive. 

Let the notation be the same as in Case 1. 

Let, in addition, the resistance of the apparatus be 71, and its 
self-induction J). 

Then the current 7 lags behind v, by an angle @, where (see 
§ 21)— 


Let OA (Fig. 34) represent 7, and O/ represent 7, where the 
angle AOJ = 0. 


Then OZ, which represents the E.M.F. 
of self-induction of the choking coil, is 90° é 
behind OJ. The P.D. V has to supply © aeaeds 


a component equal to OA to work the 

apparatus, and another equal to OL’ to I 
balance the self-induction of the choking jc 

coil, and is therefore given by OF. Fia. 34. 


Now, the angle AOL' = 5 — 0; therefore— 


‘ ; cis 
V2 = oy + v,? + 2vv, cos ( 5 0) 
9 


. = v? + 2,2 + 2vr, sin 0 
whence— 


v=V V2 — v2 cos? @ — v, sin 0 eT bate (3) 
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and the self-induction Z of the choking coil is given by— 


L = {VV7 = oF cos" 0 — v sin 8) ee or 


If 6 = 0, equation (4) reduces to equation (2), as should be 
the case, since that is the condition that the apparatus should be 
non-inductive. : 

As a rule, the value of @ will be known for any particular class 
of apparatus, such as induction motors, so that V, 1, and @ are all 
given, and Z becomes determinate. 


DESIGN OF CHOKING COILS. 


58. Having determined the value of Z for the choking coil 
required, we proceed to indicate the principles upon which its 
design and construction may be carried out. 

Let WV be the number of turns of wire on the coil, and ¥' sin pt 
the flux of magnetic lines through the iron core at time ¢. 

Then the E.M.F. produced in the coil by the variation of this 
flux is given by— 


d 
é= Gn? sin pt) 


= pNF cos pt 
The R.M.S. value of e is therefore— 
pNEF 
V2 
or, reduced to volts, we have— 
pNF 
a ee er (2 
= 10%/2 ©) 
therefore— 
pNF 
- = pl 
10%/2° 7" 
or— 
NP = 108/354. 2 a ee 


Thus the product of the number of turns of wire, and the 
maximum magnetic flux is given by equation (6). 
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Now, let A be the area in square centimetres of the cross 
section of the iron core,and B the maximum induction in the core, 
so that— 

F= AB 


and— 
NF = NAB 


The maximum induction B may be fixed. arbitrarily, thus 
giving the product VA. It is not necessary to keep the value of 
B so low as in transformer cores, because a choking coil is only in 
use while the accompanying apparatus is working, and hysteresis 
and eddy-current losses are not of such great importance as if, as 
is often the case in transformers, the current passed through 
it constantly, and the iron loss was always going on. 

The determination of V and A separately is a matter of design, 
and is mainly a question of experience. 

We will complete the calculation in a specific case. 

A choking coil is required for use with a 40-volt 5-ampere arc 
lamp on a 100-volt 50 frequency supply: give the necessary 
details of the coil, = 

The voltage v required between the terminals of the coil is— 


v = V100? — 40? 
= 91°6 volts, nearly 


therefore— 
pNF 


108 /2 
NF = 41:23 x 108 


= 91°6 
whence— 


Suppose that— 
B = 14,000 
then—- 
NA = 2943 


Now, if the iron core forms a closed circuit, so as to have a 
small reluctance, and if we take 


NV = 100 
we have— 
A = 29°43 square centimetres. 


Since B = 14,000, the permeability is 823. 
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With a current of 5 amperes, the magnetizing force is— 


dr x 100 X 5 _ 62832 


10/ Beals 


where / is the length of the magnetic circuit, 7.c. the average 
length of the closed lines of magnetic induction. 
The induction is therefore— 


823 x Pe 
Therefore — 
823 x a = 14,000 
whence— 


l = 37 centimetres 


so that the core could be built up of iron stampings of section 
shown in Fig. 35 to a thickness of 9°8 centimetres. 

The wire to be used should be 
equivalent to No. 14 8.W.G., since 
this-will carry 5 amperes at a cur- 
rent density of 1000 amperes per 
square inch. 

We may notice that the self- 
induction of the choking coil is 
given by— 


Seer weer 


pli = v 


therefore— 

a 91°6 

~ Qr x 50 5 
Fic. 35. = 0°0583 henry 
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The foregoing calculation is not quite correct, since we have 
omitted to take into account the iron losses of the core of the 
choking coil. These could not be allowed for until the dimen- 
sions of the core were fixed. 

The following table gives the hysteresis loss in ergs per cycle 
per cubic centimetre of good soft annealed iron :— 
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TABLE II. 


Hysteresis Loss. 
Maximum induction | Ergs lost per cycle 
per square centimetre. | per cubic centimetre. 
2,000 420 
8,000 800 
4,000 1,230 
5,000 1,700 
6,000 2,200 
7,000 2,760 
8,000 8,450 
9,000 4,200 
10,000 5,000 
11,000 5,820 
12,000 6,720 
13,000 7,650 
14,000 8,650 
15,000 | 9,670 


Since the induction in the core is 14,000 lines per square 
centimetre, the hysteresis loss in ergs per cubic centimetre per 
cycle is 8650. 

The volume of the iron is 1089 c.cms.; therefore the total loss 
in ergs per cycle is— 

9,419,850 
To provide for this requires— 

471 watts 
and takes a current of— 


0°51 ampere at 91°6 volts. 


As this current is only 9 per cent. of the total current, the loss of 
energy in the choking coil is but small. 

The same remark applies for the energy current required for 
the eddy-current losses. 

By working at a lower induction in the iron, and by making 
the magnetic circuit open instead of closed, the losses may be still 
further diminished. 


PROBLEMS ON CHAPTER X. 


1. What is the self-induction of a coil of negligible resistance that, when 
placed in series with a non-inductive apparatus taking 10 amperes at 40 volts, 
will allow the arrangement to be used on a 100-volt 50-frequency circuit ? 

Answer. 0°029 henry. 
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2. If in Question 1 the apparatus had a resistance of 2 ohms, and a self- 
induction of 0:011 henry, what must be the self-induction of the coil ? 

Answer. 0°02015 henry. 

3. Give a complete design of a choking coil with open magnetic circuit to 
give a counter E.M.F. of 90 volts, and taking 25 amperes on a 75-frequency 
circuit. 

4. A choking coil of negligible resistance absorbs 90 volts on a circuit of 
frequency 100: what is its counter E.M.F., if the frequency is 75, the current 
remaining the same ? 

Answer. 67°5 volts. 

5. A choking coil of negligible resistance gives the same counter E.M.F. at 
frequencies 100 and 80: what is the ratio of the currents at the two frequencies ? 

Answer. 4. | 

6. A choking coil has a P.D. between its terminals of 90 volts; its resistance 
is 0°5 ohm, and the current is 20 amperes : what is the self-induction of the coil, 
and what is the difference of phase between the current and P.D., the frequency 
being 75 ? 

Answer. Self-induction = 0°00955 henry 

phase-difference = 83° 40’. 


7. Ifa P.D. represented by— 
e = 1000 sin 750¢ + 100 sin 2250¢ 


is applied between the terminals of a coil whose resistance is 10 ohms, and self- 
induction 0:05 henry, find the power given to the circuit. | 
Answer. 3354 watts, 


CHAPTER XI. 


Transformer on Open Secondary Circuit—Hysteresis Loss—Eddy-current Loss 
—Lamination of Core—Transformer working under Load—Calculation of 
Eddy-current Loss—Effect of Shape of P.D. Curve on Iron Losses—Tests 
of Transformers. 


MOoNO-PHASE TRANSFORMERS. 


59. A mono-phase stationary transformer consists, in its simplest 
form, of two coils of wire wound on the same iron core, as in 
Fig. 36. 

Between the terminals of one of the circuits—the primary 
circuit—an alternating P.D. is applied. 
This causes a current to flow through 
the primary coil, producing an alterna- \ 
ting magnetic field which cuts the wind- 
ings of the other circuit—the secondary 
circuit. An alternating E.M.F. is thus 
induced in the secondary circuit, giving 
rise to a secondary current if the 
secondary terminals are connected to an 
external circuit. 2 

Transformer on Open Fie, 36. 
Secondary Circuit. —It will 
readily be seen that the presence of a secondary circuit renders a 
study of the transformer somewhat complicated, since the mutual 
reactions of the two currents have to be taken into consideration. 

To make matters as simple as possible, it is advisable to com- 
mence by supposing that the secondary circuit is open, so as to 
have only the primary current and its effects to consider. 

Let /, be the R.M.S. potential difference applied between the 
primary terminals, 7; the resistance of the primary coil, s; its 
reactance, and 7 the R.M.S. value of the primary current on open 
secondary circuit. | 


\ 
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Then— 
? ; i, 
y= wee earn 
Vre + 32 
Since the circuit is wound on an iron core, s; will be large, and % 
correspondingly small. 

If the power factor of the circuit is now determined, it il be 
found to be comparatively small, showing that a considerable 
portion of the current is at right angles to the applied P.D., and is 
idle, or wattless. There will thus be an energy component of 
the current in phase with the P.D., and a wattless component at 
right angles to the P.D. 

We have to indicate the functions of these two components of 
the primary current when the secondary circuit is open. 

Hysteresis Loss.—It is known that when iron is sub- 
jected to a complete cycle of magnetic changes a certain amount 
of energy is wasted due to hysteresis. The exact amount of 
energy thus lost per cycle depends upon the quality of the iron 
and the maximum induction in it (see Chap. X., Table IT.). 

If, further, the cycle is such that the magnetizing force varies — 
continuously from zero to a positive maximum, back again through 
zero to an equal negative maximum, and finally to zero again, the 
energy lost per cycle due to hysteresis may be represented by the 
formula— 


H = kB** °° (Steinmetz’s law) 


where H is the energy lost, and i is a constant depending upon the 
quality of the iron, and B is the maximum value of the induction. © 

It should here be mentioned that Steinmetz’s formula holds 
good only for somewhat low induction densities, such as are prac- | 
tically met with in transformers. As the induction density in- 
creases, the exponent of B diminishes. 

Eddy-current Loss.—Another source of waste energy is 
eddy currents. 

The iron core being itself a conductor of electricity, secondary 
currents are induced in it. These currents flow in the mass of the 
iron in closed circuits, approximately in planes at right angles to 
the magnetic flux. The result is that the core becomes heated, 
and energy is dissipated. 

Lamination of Core.—To reduce these eddy-current 
losses as much as possible the core is built up of thin sheets of 
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iron, insulated from one another by means of thin paper or varnish. 
Sometimes the oxidization on the surfaces of the iron sheets is of 
itself sufficient insulation. The core is laminated by planes 
parallel to the magnetic flux. By this means the eddy currents 
are confined to narrow paths, which greatly reduces them, and 
minimizes the consequent loss of energy. 

The losses due to eddy currents will be more completely dealt 
with later on. 

When working on open secondary circuit the power given to 
the primary is equal to the sum of the losses due to hysteresis and 
eddy currents, together with an insignificantly small 7,77; loss, 
which may be neglected. We shall see later that the iron losses 
are independent of the secondary load. 

The function of the wattless component of the primary current 
is to magnetize the iron. No permanent expenditure of energy is 
required for this purpose. The magnitude of the wattless com- 
ponent depends upon the permeability of the iron and the re- 
luctance of the magnetic path. It is greater in open than in 
closed magnetic-circuit transformers. 

Some writers on the subject call the total primary current, on 
open secondary circuit, the magnetizing current ; but it is better, 
‘in our opinion, to call the wattless component only the 
magnetizing current. 

The power component is called the hysteretie energy 
eurrent. 

Denoting the magnetizing current and the hysteretic energy 
currents by %,, and 7, respectively, and the total current by 2%, we 
have— 

“ig LS Sede, Th Sg eI cele saa ae eae (t 


since 2, and z,, are at right angles to each other. 
Let H,' be the R.MS. value of the E.M.F. required to balance 
the primary counter E.M.F., and write— 


A 


and— 
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Then— 
2 roe 
Ag y2 
«7a 
therefore— 
Y=Vp+o?. Se er areeme . (5) 


p is called the virtual conductance, o the susceptance, and Y the 
admittance of the primary circuit. The power factor on open 
secondary circuit is given by (see Fig, 37)— 


(6h ee 


v0 

and should be as small as possible. 

When the transformer is on open secondary circuit, the primary 
current is so small that the loss of 
energy due to ohmic resistance may 
be neglected. As soon as load is put 

—_. on the secondary, the primary current 


Z See ‘ 
if re fs increases, and the copper losses in 
%° both circuits must be taken into 
account. 
Fie. 87 In designing a transformer, the — 


maximum induction B in the core is 
usually fixed beforehand, and the permeability of the iron is 
therefore known. The value of the magnetizing current %,, may 
then be determined as follows :-— 
Bop fe 

4nN VA 2 

20k 

where JV; is the total number of primary turns and Z the mean 
length of the magnetic circuit; hence— 


. _ 10BL 
m Aorp NM, V2 


ae aE 
=05627 


The hysteretic-energy current can also be determined in the 
following manner :— 
Let V be the volume of the iron core in cubic centimetres, 


TRANSFORMER ON OPEN SECONDARY CIRCUIT. 95 


W the number of ergs per cycle lost in hysteresis, x the frequency 
of the supply, and #, the primary applied P.D. Then (neglecting 
eddy currents) — 


or 


ee, legs aga Me es . (8) 


We will show later (see § 61) how the loss due to eddy 
currents may be approximately calculated. The current necessary 
to supply energy for this loss must be included in i,,. 


TRANSFORMER WORKING UNDER LOAD. 


60. We now pass on to consider the working of a transformer 
under load. If a transformer is used to supply power for incan- 
descent lamps only, the external circuit may be treated as non- 
inductive; if, however, it supplies arc lamps requiring choking 
coils, or induction motors, the load is inductive, and the external 
reactance must be taken into account. 

We shall assume that the maximum induction in the iron core 
is constant at all loads. 

The method of vector algebra supplies a concise means of 
performing the necessary calculations. 

We shall for the present assume that both the reactances of 
the two circuits and their mutual induction are constant. 

Let the resistance of the primary circuit be 7, its reactance s;, 
and the R.MS. primary current 7%, and let the corresponding 
quantities for the secondary circuit (internal and external) be ro, 
$, and %, the coefficient of mutual induction between the two 
circuits M/, and the R.M.S. potential difference between the primary 
terminals ¢. 

Then, following the argument of § 47, Chap. VIII., the vector 
equation of E.M.F.s in the primary circuit is— 


T114 ote ksyty + kp Mig ngs kg Ee ea ee (9) 


The E.M.F. in the secondary circuit due to mutual induction 
is —kpMiy. This has to furnish a component, 72/2, in phase with 
the secondary current to drive the current against the ohmic 
resistance of the circuit, and also a component, Xsyt2, to balance the 
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E.M.F., — /so¢2, due to the secondary reactance. We thus have the 
vector E.M.F. equation — 
Vela + ksyig = — kpMiy 
or— 
Tylo oo ksohg a kpMiy oe ts 8S 6 (10) 
Equations (9) and (10) are the vector E.M.F. equations of the 


primary and secondary circuits respectively. Eliminating first ty 
and then 7; we get— : 


{(7"1e — $159 oo pPM?) os kr + 8» 1'281) }t = (72 - Isg)e 
and— 
(77g — 882 + pPM?) oa h(7189 a 7°981) $a = kp Me 
which may be written in the forms— 
[ £71(7'? + 80”) + pPvdl?} + kl sy(7e? + 52?) — prs.d? 3 iy 
= (72? oe 827)e P (11) 
and-— 
{ — (7182 + 7281) + k(rire — 818, + pPM?)}ig= pMe . . . (12) 


Hence the magnitudes of the primary and secondary 
currents are given by— 


¢ 
y= —_—_—_— — 
; 2 21 9,2 (7172 — 8182) piM* | 
Vn tt pM eee Tee ) (13) 
; pMe | 
(D) — ccna —_ — 

Vir? + s2)(72? + 82°) + 2p?M?(rire — 5182) + ptt} ) 


If R and S are the equivalent resistance and reactance of the 
primary circuit, we get at once from equation (11)— 


: pPreM* i 
Ran + 95 8 
and— aoe it, Uk ae, 
ORY ; 
oe Te + 83", 


From equation (11) we also see that the primary current lags 
behind the applied P.D. by an angle 0 where— 


8i(r9° + 8°) — ps? (15 
ry (re 4. 89”) + pre? ee ( ) 


tan 9 = 
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Whence the current and applied P.D. are in phase—that is, there 
is electrical resonance in the primary circuit, if— 


$189" -~ 08, 4- 8179" = 0 we, hel (16) 


that is, for a given primary reactance there are two values of the 
secondary reactance for which resonance may occur in the primary 
circuit, provided the roots of equation (16) considered as a 
quadratic in sg are real; that is, if— 


gM? is greater than 25,72 


If pM? = 2syrg these two values coincide, and s, = 1%, i.e. the 
secondary resistance and reactance are numerically equal. 
Equations (14) show that the apparent resistance of the 
primary circuit is increased, and its apparent reactance is 
diminished by the presence of the secondary circuit. 
_ From equation (12) we see that the secondary current lags 
behind the primary P.D. by an angle 7 — ¢, where— 


1172, — $8 + pM? 


tan @ = rita + Pa AAR ae, x) 


It is evident from this that the secondary current is in exact 
opposition to the primary applied P.D., if— 


Sty — 8% + MF =O... . xk 18) 


and this condition is satisfied by one value only of s:. Moreover, 
conditions (16) and (18) cannot be satisfied simultaneously, since 
then we should have— 


7182 + 798 = 0 


and the secondary current would be infinite, as is seen by reference 
to equation (12). 
If condition (16) is satisfied, we see from equation (11) that 

the primary current is given by— 

e 

oan. a ee LD 

Ti + -19 
52 
which shows that, even if the primary current is in phase with the 
impressed P.D., its value depends upon the resistance of the 
secondary circuit, and the ratio of the reactances of the two 
circuits, as well as upon the primary resistance. 
Il 
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Again, from equations (13)— 


If, now, the secondary resistance is negligible compared with its 
reactance, and if its reactance is due simply to its self-induction 
Jz, this equation becomes— 
4 Lz 
ig M 
If, further, there is no leakage, and the external circuit is non- 
reactive, so that (see Ex, 5, p. 9)— 


M? = Inl 
L, being the primary self-induction, we have (see Ex. 9, p. 9)—. 
4 /ts 
7) ce Ty 
_ Ws 20) 
7 oe) ee 


where NV; and N2 are the number of turns on the primary and 
secondary coils respectively. 
Let V' be the P.D. between the secondary terminals. 
If s', 7 are the reactance and resistance respectively of the 
,external secondary circuit, we have— 


V" a tots + htgig ces 4s > 
and the secondary terminal P.D. is in phase with the secondary 


current if the external circuit is non-reactive. Combining equa- 
tions (12) and (21), and putting for shortness— 


7182 + 1981 = a 
72 — 8S, + p?M? = b 


we get— 
rt aie (79 — kse'p Me 
ee a — kb 
a _ fare, ~_ bso! _ k( bre a ase ) }pMe (22) 
| a2 +. 2 
That is, V' lags behind ¢ by an angle 7 — ¢, where— 
fen pe ar ae eri 


ars — bse 
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If the external circuit is non-reactive, this becomes— 
b 
ts n = — 
tan @ r 


_ Tile — 8182 + p?M? 
7182 + 1281 


If, further, there is no leakage, so that— 


$8, = p*M? 
it reduces to— 
tan ¢ = ae . (24y 
rT 


which is always a small quantity, but never zero, so that the 
secondary P.D. lags behind the primary P.D. by nearly 180 degrees 
in phase. 

Now in the general case— 


bre’ + ase’ b ce (a? + b?)s', 
a 


are, - bso! Rid a are, = bso! 


is greater than, equal to, or less than— 
b 
a 
according as— 
(a? + b?)s9' 


is greater than, equal to, or less than 0. That is, the angle of lag 
increases as the self-induction of the external secondary circuit 
increases and becomes negative when the reactance becomes 
negative, due to capacity. 

The secondary terminal P.D. is in exact opposition to the 
primary terminal P.D. when— 


bre’ + ass’ = 0 


The output, W", of the transformer is the scalar product of V' and is. 


From equations (12) and (22) and § 37, Chap. VIL., this can be 
determined. 


Writing (12) in the form— 


— pM(a + kb)e 
a+? 
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we see that the output is given by— 


dicate: es 
= Carp Rae pe bss.) > b(brg + AS2')} 
pMr 0 € 


"E+E 


W' 


pa PM*rse (25) 
~ (118 + 1081)? + (7172 — 8182 + p?M*)? * * 


Again, the primary current is given by— 


_ (72 + esa)e 

~ b+ kha 

_ {brs + a8. + k( bs — ar) $e 
a? + ob? 


Therefore the input, W, being the scalar product of ¢ and %, is given 
by— 


_ intr — i + PM?) + alr + rY}E (96) 
(7189 + 7981)? + (7172 — 8182 + p?M?P 


the efficiency » is thus given by— 


w' pM 
1 Wo rire + ree + rep? M* 
es PM re 
~ 7y(7'9? + 837) + rop?M? 


which, by the help of (14), may be written in the form— 


(BR — 71) (72? + 897)79' 
ro R(T a S97) 


- 3 
=" -3 Noe os a rn 


Here 7, is the ohmic resistance of the primary coil, # its equiva- 
lent resistance, given by equation (14), 72 is the total secondary 
resistance, and 72’ the resistance of the external secondary circuit. 

The above expression for the efficiency does not take into 
account the iron losses due to hysteresis and eddy currents, but 
these can be allowed for in the following manner :— 


5. Ae: 
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The iron losses are ¢7, where 7, is the energy component of the 
primary current on open secondary circuit. If we write— 


7172 = 11017 aa Ch, SUS oe ae ee (28) 
the amended expression for the efficiency becomes— 
ra T8(y 70 
aes 1 Sob he a (29) 


since % 1s known for any load and 7, can be calculated from the 
known iron losses, the value of 7;' is perfectly definite. 

61. To calculate the Energy lost in Eddy 
Currents in the Core of a Transformer.—Let Fig. 
38 show a section of one of the 


transformer stampings at right angles — , 
to the magnetic flux, so that 0 is the eae 4 
thickness and a the width of the 
stamping. Let Z be its length. Fie. 38. ; 


Consider an elementary path, 
whose outside length is z + dz and breadth y + dy, and let the 


induction be given by— 
B sin pt 


The flux through the elementary circuit is— 
ayB sin pt 
therefore the E.M.F. acting round the path is given by— 


¢ = © (ayB sin pt) x 10-° 


_ xyBp cos pt 
ye 108 


The resistance of the elementary path is given by— 


2x 2y 
"= jLdy * pLda 


o being the specific resistance of iron— 


= _ 2a nearl 


since y is always small compared with «. 
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The rate at which energy is lost in the elementary path is, 
therefore, given by— 


since-— 
tea ze 


The rate at which energy is lost in the whole stamping is, there- 
fore, given by integrating from y = 0, to y = b, and is— 


where V = abl is the volume of the stamping. 
The rate at which energy is lost per cubic centimetre is, 


therefore— 
b?, By cos? pt 
8 x 10% 


and the average rate per second at which energy is lost per cubic 
centimetre is given by— 


"es b?° B*p*p 1 - 2 | 
= 3x 108° 7) ,008 pt. dt - 


where 7’ is the periodic time— 


watts 


_ _PB*p'p 
Ab ae 
_ wb'n? Bp 
~ 4x 10% 
where » is the frequency of the flux. If b is expressed in 


mils., this becomes— 
LOO(bn BY x 107" 6 sk ne 


| 2 
This value is, however, probably too large, and the value ee 


will be more approximate, since the eddy currents will not 
generally take symmetrical paths as is here assumed, owing to 
the iron not being quite homogeneous. 
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Expressing 7 in ergs per cubic centimetre per cycle we get— 


(bnB)* 

| HH = - 109” 

Thus the loss due to eddy currents is seen to be proportional to 
the square of the thickness of the iron stampings. 

Now the counter E.M.F. in the primary circuit is on open 
secondary equal in volts to the product of the rate of change of the 
flux and the number of primary turns divided by 10% Thus the 
counter E.M.F. is proportional to the product of the frequency and 
the maximum induction; that is, ton. But the counter E.M.F. 
is nearly equal to the primary applied P.D. on open secondary ; 
therefore we may say approximately that the eddy current loss is 
proportional also to the square of the applied potential difference, 
and is constant so long as the applied P.D. remains the same, and 
is independent of the frequency. Hence, also, if the applied P.D. 
and the frequency are constant, so is the maximum induction, and 
the maximum induction for a constant applied P.D. varies inversely 
as the frequency. > 


HYSTERESIS Loss. 


62. We have already seen (see § 59) that the average rate of 
loss of energy due to hysteresis is given by— 


E' = kn B* watts 


where u is a constant which lies between 1°4 to 1°6, according to 
the quality of the iron, and & is also a constant for a given quality 
of iron, and has values given, , according to Steinmetz, by the 
following table :— 


TABLE IIL. 
Hysteretic ConsTANTS FOR DIFFERENT MATERIALS. 

‘Material. edges constant 
Very soft iron wire ... = ba ins one 0-002 
Very thin soft sheet iron ... ¥ ies ste 00024 
Thin good sheet iron jes ant “ns on 0:003 
Thick sheetiron ... daa 0:0033 
Most ordinary sheet iron for transformer cores ... | 0°004 to 0:0045 
Soft annealed cast steel ... Six ree ine 0:008 
Soft machine steel . can or ws wat 0-0094 
Cast steel ... Gus 3. sk: Bi bain 0°012 
Cast iron ee “a Se den vas Sai 0:0162 
Hardened cast steel ane 9 eas gat 0 025 
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The values of the hysteresis losses in good soft iron, in micro- 
watts per cubic centimetre for a frequency of 50 alternations per 
second, for various values of the maximum induction, are given in 
the following table :— 


TABLE IV. 
Ree eta Hysteresis loss in microwatts per cubic centimetre. 
induction. Value of B. 

B. = 0002 = 0-003 = 0-004 = 0°005 
1,000 63,100 631 946 1,262 1,577 
2,000 191,300 1,913 2,869 3,826 4,782 
3,000 365,900 8,659 5,483 7,381 9,147 
4,000 850,000 5,800 8,700 11,600 14,500 
5,000 828,800 ' 8,288 12,432 16,576 20,720 
6,000 1,111,000 11,110 16,665 22,220 27,775 
7,000 1,420,000 14,200 21,300 28,400 85,500 
8,000 1,758,000 17,580 26,370 35,160 43,950 
9,000 2,122,000 21,220 31,830 42,440 53,050 

10,000 2,511,000 25,110 37,665 50,220 63,775 


63. Effect of Shape of P.D. Curve on Iron 
Losses in Transformer Cores.—We have seen that, as 
a rule, we cannot-in general expect the wave-form of the P.D. 
applied between the primary terminals of a transformer to be a 
true sine curve. It may, in fact, have almost any shape of a 
periodic nature. It becomes a matter of interest, therefore, to 
inquire how the iron losses in transformer cores are affected by the 
shape of the P.D. curve. We proceed to attack the problem from 
a theoretical point of view. 

Assuming that the iron losses are independent of the load on 
the transformer, we may proceed on the supposition that the 
secondary circuit is open. Let v be the instantaneous counter 
E.M.F. in the primary circuit, A the cross-sectional area of the 
core, V the number of primary turns, d the instantaneous value of 
the induction, and S the area of the v curve taken over half a 


period. 
We then have, neglecting leakage — 
db | 
v= AN, . . . . . e » (31) 


Integrating this over half a period, we get — 
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“db 
=24N| < dt 
0 
B 
= 24n |'an 
0 
Se EAND eRe (88) 


where B is the maximum value of the induction, and 7’ is the 
periodic time. 

If we assume that the hysteresis loss W, is given by (Stein- 
metz’s formula) — | 


W, = kn B 


where a and & are constants, and n is the frequency, we get, by 


substitution— 
S a 
W, = kn(5Ty) 


Again, the eddy-current loss is given by (see p. 102)— 


= 7 | “(ae 
0 


where m is a constant, by (31)— 


-3{ Ge. 69 


F bikie the periodic time. Therefore— 


W2 = x (mean square value of primary counter E.M.F.) 


roe 
The total iron losses are therefore given by— 
W= W, + We , 
S \*. > m . 
= kin( say) + Fans x (mean sq.valueof primary counter E.M.F.) 


Now, on open secondary circuit, the primary P.D. is almost 
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exactly equal to the primary counter E.M.F., but opposite in phase ; 
we may therefore write— 


S m 
W = ins) + aN? * (mean square P.D.) . (34) 
If, then, the P.D. between the primary terminals, as measured by 
a hot wire or electrostatic voltmeter, is kept constant, the total 
iron loss is given by equation (34), whatever be the Shape of the 
wave. 

The problem of finding the area of the wave which makes the 
iron losses a minimum is the same as that of making the area of 
the P.D. wave as small as possible while the R.M.S. potential dif- 
ference, V, remains constant. We have, therefore, to make— 


{Vdt = a minimum 
while— 
fV'dt =a constant .. . J. eR 


From this we deduce that {Vdt has no absolute minimum, but 
may be made as small as we please by making the maximum value 
of V correspondingly large and the P.D. curve narrow and peaky. 

It is to be noticed that the hysteresis losses only are affected by 
the wave form of the primary P.D. as the eddy current losses are 
constant when the P.D. is constant. , 

It is not advisable to attempt to reduce the hysteresis loss too 
much in the manner here indicated, as, by so doing, the maximum 
P.D. becomes very great, and the insulation of the transformer 
must be correspondingly increased, a course which would produce 
a very costly appliance. 

These theoretical results have been amply proved by experi- 
mental investigation, and we would draw the attention of our 
readers to the writings of Mr. Steinmetz,’ Dr. Fleming,” Messrs. 
Beeton, Taylor, and Barr,’ Dr. Roessler,t Mr. Evershed,’ and Mr. 
Feldman,® on the subject. 


1 Electrician, August 24, 1894, vol. xxxiii. p. 498. 

2 Ibid., June 28, 1895, vol. xxxv. p. 304; January 10, 1896, vol. xxxvi. ; 

3 Ibid., June 21, 1895, vol. xxxv. p. 257; June 28, 1895, vol. xxxv. p. 286; 
November 8, 1895, vol. xxxvi. p. 61. 

* Ibid., November 22, 1895, vol. xxxvi. p. 124; December 6, 1895, vol, xxxvi. 
p. 222. 

5 Ibid., March 27, 1891, vol. xxvi. p. 635. 

5 Ibid., October 18, 1895, vol. xxxv. p. 809. 
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Perhaps the experimental investigation of greatest interest is 
that of Messrs. Beeton, Taylor, and Barr, on account of an inge- 
nious method of obtaining various wave forms from a single alter- 
nator by the use of a piece of apparatus called an injector, 
by means of which resistance, self-induction, or capacity can be 
thrown in the circuit at any instant during the period at will, 
producing wave forms of the P.D. which could only have been 
obtained otherwise by a series of dissimilar alternators. 

The conclusions arrived at experimentally are— 

1. That if the R.M.S. value of the applied P.D. is constant, and 
the area of the P.D. wave is constant, then, whatever be the shape 
of this wave, the total iron loss cannot vary. 

2. That if the R.M.S. value of the applied P.D. is constant, but 
the area of the P.D. wave varies, then, whatever be the shape of 
the wave, the total iron loss will vary by an amount which is only 
dependent upon the area of the P.D. wave. 

These results are in complete agreement with the preceding 
theory. 


Tests OF TRANSFORMERS. 
64. Tests on Ferranti standard transformers furnish the 
following results :— 


TABLE V. 
Frequency 50 CycLes PER SECOND. 


Trans‘ormation Ratio. 


Secondary 
‘Efficiencies, oe load on 
Loss at P full ind 
Output in load fall non- " uc- 
kilowatts. no-load | inductive | tive load. 
per cent. | joad per rteigite§ if 
ae at t $ t vo sc ih ay 
10 96°4 96°5 96°3 94.2 87°6 14 2 4°5 
20 97:0 97°2 97:0 95°2 89°6 115 2 4:5 
30 97°5 97°6 97°4 95:9 91:0 1:0 2 4:5 
40 97°6 97:7 97°5 96°1 915. 0:93 2 4:5 
50 97°7 97°8 97:7 96°3 91°9 0°88 2 4°5 
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TABLE VI. 
Frequency 100 Cycites per SECOND. 


Transformation Ratio. 


Secondary 
Efficiencies. yond london 

Output in Latest | soll none: eee 

i no-load tive load. 

kilowatts. "per cent. poy, Power fac- 

Full load, 3 1 1 io cent. baspe le 
10 96°9 97 0 96°7 94°6 88°4 13 2 6 
20 97°4 97°6 97°3 95°9 90°9 1-0 2 6 
30 97:7 97'8 97°6 97:3 918 09 2 6 
40. 978 97°9 97°8 96°5 92°1 0°85 2 6 
50 97°9 98°1 97:9 96°6 92°5 08 2 6 


PROBLEMS ON CHAPTER XI. 


1. Show that, if the primary and secondary coils of a transformer are so 
wound that there is no leakage, the equivalent self-induction of the primary 
circuit with closed secondary is given by— 


ba L,r,” 
r+ pe? 


where Z, and ZL, are the self-inductions of the primary and secondary coils 
respectively, 7, is the total resistance of the secondary circuit, and p = 2xn, n 
being the frequency, the secondary external circuit being non-inductive. , 

2. Assuming the result given in Question 1, show that in a transformer 
having no leakage, and non-inductive external secondary circuit, the primary 
current lags behind the applied by P.D. an angle ¢ given by— 


ply? 


ta = ; 
his "1, + p*L(r Ly + 2h) 


where 7, is the resistance of the primary coil. 
3. Show that, in a transformer having no magnetic leakage, the impedance 
of the primary on closed non-inductive secondary circuit is greater than, equal 
to, or less than its impedance on open secondary, according as ,/2r,r, is greater 
than, equal to, or less than pM, where 1, is the resistance of the primary coil, r, 
the total resistance of the secondary circuit, M the mutual induction of the 
primary and secondary coils, and p = 2rn, n being the frequency. 
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4, Show that, taking leakage into account, the condition in Question 3 is 
obtained by writing— 
VM? — LL, for M 
where JZ, is the self-induction of the primary coil, and Z, that of the secondary 
coil. 


5. A condenser of capacity C is permanently connected in parallel with the 
primary coil of a transformer: show that the power factor will be unity, if— 


L 
where— 
ae p?L,M* 
fe pM *r, 
hk " + r2 re pL 2 


the notation being as in Question 3, 

6. In a transformer having no magnetic leakage the self-inductions of the 
primary and secondary coils are respectively 1 and 01 henry, the resistances 
10 ohms and 0:1 ohm, the mutual induction of the two coils 0:09, and the fre- 
quency 100 periods per second : what capacity must be placed in parallel with 
the primary coil to give unit power factor ? 

Answer. About 2°8 microfarads, 

7. A transformer has a primary and two secondary coils; the resistance and 
self-induction of the primary are 10 ohms and 0°001 henry respectively ; those 
of the first secondary are 5 ohms and 0°0005 henry respectively, and those of the 
second secondary are 1 ohm and 0:0001 henry respectively ; the mutual induc- 
tions between the primary and first secondary, the primary and second second- 
aries, and the two secondaries, are respectively 0°00065, 0°0003, and 0 0002 
henry. Ifthe primary P.D. is 1000 volts, what is the primary current, and what 
is the difference of phase between P.D. and current, the frequency being 100? 

Answer. 98°52 amperes; 6° 10’. 

8. The P.D. between the primary terminals of a transformer is 2000 volts, 
the current is 0°15 ampere, and the power as measured by a wattmeter is 275 
watts ; what is the power factor ? 

Answer. 91°67 per cent. 

9. Show that, if the resistance of the secondary coil of a transformer is negli- 
gible, its efficiency is a maximum when the external secondary resistance is 
numerically equal to the total reactance of the secondary circuit. 


CHAPTER XII. 


Design of Transformers—Effects of Magnetic Leakage—Core Laminations— 
Methods of testing Transformers—Calculation of Hysteresis Loss—Regula- 
tion of Transformers—Insulation and Temperature Tests, 


DESIGN OF TRANSFORMERS. 


65. We do not propose to enter into an exhaustive treatment of 
the design of transformers, as we should be compelled to study 
closely several types, the general principles of all of which are 
the same, and the differences only in details of construction. 

We shall, therefore, only indicate the nature of the calculations 
involved, referring at the same time to such practical points as 
depend upon previous experience. 

66. Before commencing a design, we must have the following 
data :— 

(1) The full-load output (W watts) of the transformer. 

(2) The primary impressed P.D., F;, volts. 

(3) The secondary terminal P.D., 2, volts. 

(4) The copper and iron losses in percentages of the full-load 
output. 

(5) The maximum induction density, B, at which the iron of 
the transformer is to be worked. 

(6) The frequency, 7, of the primary supply current. 

(7) The thickness and permeability of the core stampings, 

(8) The type of transformer to be made. 

(9) The maximum permissible rise of temperature. 

We propose to give approximate calculations in the following 
particular case. 


Let W = 10,000 watts. 
k, = 1,000 volts. 
Eo= 100 volts. 
B= 2,500 lines per square centimetre. 
n= 50 complete cycles per second. 
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Let the iron and copper losses be each 150 watts at full load. 
Working at the same current density in both the primary and 
secondary circuits, the consequent dissipation of energy in each 
will be 75 watts. 

67. Copper Circuits.—Let /; be the length of the 
primary circuit, o; its cross-section, and 7; its resistance; and let 
lo, o2, 72 have similar meanings for the secondary circuit. If p is 
the specific resistance of copper, we have— 


ply . 
0 =e oS ; 
# Se eGS We 
2= 
2 
The full-load primary current is— rs 
’ — W - eo 
— E, 
= 10 amperes (approximately) . . . (2) 
and the secondary current is— 
meet LOU aniperga a Pe sa 8) 


We have, therefore— 
“yr, a 1e7"o = 150 watts 


If the two circuits are wound with wire, so that the current density 
in them is the same, we have— 
4°71 = 19719 = 75 WRG 8 5 FS i (4) 
and — 
1 — # — 160 amperes per square centimetre 
Ol 02 


working at about 1000 amperes per square inch, therefore— 


eae’ 
OS 8 
= 160 
= 00625 square centimetre. . . . (5) 
and— 
m= 7g = the 


1 
= 0°625 square centimetre . . . . (6) 
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Again, from equation (4) we get the resistances of the two circuits 
to be— 

es 

Te 
=°0°75 ohm, neany "3 5 i. 5. ee 
bbaiy 
~ 1002 
= 0°0075 ohm, nearly. . . . . (8) 


’ Vip) 


Also taking p = 16 x 10°’, we have, by (1)— 


ha 2 
pP 
that is— 
_ 0°0625 x 0°75 x 10° 
fa 16 
= 29297 centimetres, nearly . . . (9) 
and 
ly = OS 
aioe p 
_- 1625 eNOS Aa 
= 16 
= (2930 centimetre, nearly . . . (10) 


We shall have to leave the determination of the number of 
primary, JV;, and secondary, NV, turns until the dimensions of the 
iron core have been found. 

Summarizing the items already determined, we have— 


i, = 10 amperes 

ig = 100 amperes 

o, = 0:0625 square centimetre 
o2 = 0625 square centimetre 
l, = 29297 centimetres 

lo = 2930 centimetres 

*, = 0°75 ohm 

vo = 0°0075 ohm. 


68. Iron Cireuit.—The dimensions of the iron circuit 
are determined from the assumed iron losses. 
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Let A be the cross-sectional area of the core in square centi- 
metres, and Z the mean length of the magnetic path, so that— 


AL = approximate volume of iron core in cubic centimetres 


The iron losses are due to hysteresis and eddy currents. If 
the core is built up of soft annealed iron stampings, the hysteresis 
loss can be found from Table II., Chap. X., and § 62. The 
maximum induction was taken to be 2500 lines per square centi- 
metre; hence the ergs lost per cycle per cubic centimetre are 600. 

With a frequency of 50 complete cycles per second, this gives 
the loss in watts per cubic centimetre to be— 


, _ 600 x 50 
pas (iy 


= 0003 watts. .... . (12) 


- The watts lost per cubic centimetre due to eddy currents are 
calculated from the formula (see Chap. XI. § 61)— 


hi = Oni? x 107% 


where 0 is the thickness of the stampings in mils. 
Suppose that d = 15 mils., then in the present case— 


h’ = 15? x 50? x 2500? x 107% 
me OUNUGS Wate Soe op en (2) 


The total iron loss in watts per cubic centimetre is, therefore, 
given by— 
H=h+ h' 
= 000335 watts . . . . . (13) 


Since the total iron loss is 150 watts, the volume of the core 
is given by— 
150 
Y= 500335 
= 44776 cubic centimetres 


that is— 
ed Me eR ee 4. PEED 


where A is the cross-sectional area of the core, and Z is the mean 
length of the magnetic path. 
As the insulation between the stampings will occupy 10 or 15 
I 
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per cent. of the whole volume, V oval be sévrekpemoaae 
increased to about 51493 cubic centimetres. 


Now— 
hy eh wet xX maximum value of 4 
~ /% 108 dt 
_ AM, X 2rnB 
aia (ee 
therefore— 
1082, 
AN, = 
/20nB 
a 108 x 1000 
~ /2x w x 50 x 2500 
= 180000, nearly ; 3)... 6 


Suppose, now, that the primary circuit is wound with 230 turns 
and the secondary circuit with approximately 23 turns. The 
primary coil will be wound with the equivalent of No. 10 S.W.G. . 
wire, and will have an area, when double cotton-covered, of about 
0°0177 square inch. The secondary wire will be equivalent to 
No. 3/, 8.W.G., and will, including insulation, have an area of 
about 0°126 square inch. 

The primary coil will, therefore, require a winding space of 
about 5°175 square inches, and the secondary coil a winding space 
of about 3°68 square inch. 

Thus the total winding space required for the two coils is 
9 square inches, or, allow- 
ing 25 per cent. for insu- 
lation between the two coils 
and between different layers 
of the primary, we may 
take the winding space re- 
quired to be 11:25 square 
inches, or 73 square centi- 
1, + 5 metres. . 

Fic. 39. _ Suppose, now, that we 

select a transformer of the 

Mordey type (see Fig. 39) in which the width, DC, bears to the 

depth, CB, the ratio of 3:2. The length, DH, may be altered 
to suit the circumstances of the case. 


sk 


S 
—) 
‘ 


\ 


a 


----+9 
* 
(eo) 


ee 
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If DO = 6x, and DA = 42, then the winding space is (see 
Fig. 39)— 
4x? = 73 


whence « = 4:27 centimetres. This would give too small a cooling 
surface, so we take w = 6°5. 
Now, from equation (15) we get— 
= 1B 
= 281'4 square centimetres . . . . (16) 


therefore the length DZ of the transformer is— 


783 centimetres 
or— 
60 centimetres 


Again, the resistance of the secondary coil is 0:0075 ohm; 
therefore the drop of volts due to secondary resistance from no- 
load to full-load is 0°75 volt; an extra turn on the secondary will 
more than compensate for this. 

We have hitherto assumed that the primary applied P.D. and 
the primary counter E.M.F. are the same, because it is the ratio of 
the primary counter E.M.F. to the secondary induced E.M.F., that 
is the same as the ratio of the turns. The drop of volts in the 
primary coil itself is— 


0°75 x 10 = 7°5 volts 


that is, 0°75 per cent., so that, neglecting magnetic leakage, the 
secondary induced E.M.F. is given by— 


405 X 992°5 = 99°25 volts 


Taking into account the drop of volts in the secondary coil 
itself, the secondary terminal P.D. is, neglecting leakage, 98°5 volts ; 
and allowing 2 per cent. for magnetic leakage between the primary 
and secondary coils, the secondary terminal P.D. becomes 96°5. 
volts. If we put 24 turns on the secondary, the terminal P.D. 
becomes 103. 

69. The next step is to calculate the primary current on open 
secondary circuit. This is— 


ay = be + Uy 
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where %, is the magnetizing wattless component, and 7, is the 
hysteretic energy component. 
The component 7, is determined as follows. We have— 


B= nH 


where » is the permeability of the iron core, and H is the mag- 
netizing force. Also— 


Ho _4n Mi, 


ae ABE 


where i, is the R.M.S. value of the wattless component, and H the 
maximum value of the magnetizing force. Therefore— 


eae 
wi § 1‘76uN; 


Substituting the values B = 2500, Z=65, N = 230, and 
pe = 2390, we get— 


2500 x 65 


«= 176 x 2390 x 400 | 
= Q°'167 empere. i604 4 eo ee 


Also, 7, is calculated from the fact that the primary impressed P.D. 
multiplied by 2, is equal to the total iron loss, so that— 


10002, = 150 
Un — 0-15 . . . . . . (18) 


Now, i, and @, are in quadrature ; therefore— 


t= 015? + 0167? 


= O225 ampere... 4 ee 
The power factor on open secondary circuit is given by— 
cos 0 = 
i 
2 O16 
ge ig Fs 
elk LA ti ae ee 


To find the watts lost by radiation and conduction of heat per 
square inch of cooling surface at no-load and full-load respectively. 
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The surface of the transformer is— 


= 9700 square centimetres 
= 1497 square inches ~ 


At no-load the number of watts lost per square inch of surface 
is— 
Tdéo7 = OL 
and at full-load— 
P29, = 02 


which would be sufficiently small. 

Actual tests show that a cooling surface of 2000 square centi- 
metres allows a rise of temperature, under normal conditions, of 
1° C. per watt dissipated in the transformers. The rise of tem- 
perature in the present case will, therefore, not exceed— 


300 x 2090 


700 

= 62° C, 
This, in fact, will be somewhat in excess of the truth, since, owing 
to the shape of the windings, the cooling surface will be greater 
than 9700 square centimetres. 


The total volume: of iron in the transformer is, by reference to 
Fig. 39, seen to be— 


= 50700 cubic centimetres . . . . (21) 


This gives a loss of only 0:003 watts per cubic centimetre, 
which is a liberal allowance of iron. 

To find the weight per kilowatt of the transformer. 

Since iron weighs 0:017 lb. per cubic centimetre, the weight of 
iron is about 862 lbs. 

Also the weight of copper is 80 lbs. 

Thus the weight of the transformer per kilowatt of output is— 


942 = 94:2 lbs. per kilowatt 


EFFECTS OF MAGNETIC LEAKAGE. 


70. If there is no magnetic leakage, the square of the coeffici- 
ent of mutual induction of the primary and secondary coils is 
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equal to the product of their respective coefficients of self-induc- 


tion. That is— 
M? = IhIn 
or— 


M=V1yLy 


As, however, there is always some leakage, we may write— _ 
M = (1 - AV LiL 


where X is less than unity, and is a measure of the leakage. 

Leakage causes, then, a diminution of the mutual induction, 
and, consequently, a drop in the induced secondary E.M.F. At 
the same time, it causes an increase in the equivalent self-induc- 
tion of the primary circuit (see § 60, Chap. XI.). Now, it is the 
equivalent self-induction of the primary circuit which causes the 
primary current to lag behind the applied P.D., and, consequently, 
produces a larger primary current than corresponds to the secondary 
current in the ratio of their respective turns. 

The principal effects of magnetic leakage are, therefore— 

(1) The production of an excessive wattless primary current. 

(2) A consequent increase in the primary copper loss. 

(3) An increased drop of the secondary terminal P.D. 

(4) A diminution in the efficiency of the transformer, owing to 
the increased primary copper loss. 


CorE LAMINATIONS. 


71. We have seen (see § 61, Chap. XI.) that the loss in the 
core of a transformer, due to eddy currents, is proportional to the 
square of the thickness of the core stampings. This would make 
it appear that the thinner the stampings the better would be the 
results obtained. 

So far as eddy-current losses alone are concerned, this is 
correct ; but there are other considerations which impose a minimum 
thickness of the plates. Suppose that with stampings 18 mils. 
thick the insulation between the stampings occupied 15 per cent. 
of the whole volume of the core; then, with the same kind of 
insulation and stampings 9 mils. thick, the insulation would 
occupy about 26:1 per cent. of the volume of the core, and so, by 
making the stampings thinner and thinner, the ratio of the volume 
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of insulation to that of iron becomes greater and greater, and for 
a given volume, the magnetic flux through the core less and less. 

On the other hand, there is an upper limit to the thickness of 
the stampings, for when iron is subjected to an alternating magne- 
tizing force, the induced currents only penetrate to a depth 
depending upon the permeability, the frequency, and the specific 
resistance. This is known as the “skin” effect, and it can be 
shown mathematically! that we may take as a measure of the 
thickness of the “skin,” the expression— 


aay 2 
2rup 


where o is the specific resistance of the iron, « its permeability, 
and p is 2m times the frequency. | 

If « = 1000, and the frequency is 100 periods per second, the 
skin for soft iron is about half a millimetre thick, and for a 
frequency of 50 periods the skin is about 0:7 millimetre, or 
about 27°3 mils. thick. Thus, unless the laminations are less than 
27°3 mils., they produce no beneficial effect. 


METHODS OF TESTING TRANSFORMERS. 


72. There are several methods of testing transformers for 
efficiency, each of which has its advantages in special cases. In 
each method the watts given to the primary circuit and taken 
from the secondary circuit at various loads are measured or 
calculated, and the efficiency determined as the ratio of the out- 
put to the input. 

73. First Method (Wattmeter).—Suppose that we 
have at our disposal the transformer whose efficiency is to be 
determined, an alternator, or some source, capable of supplying 
power to the transformer from no-load to full-load, an alternating- 
current ammeter and voltmeter, a wattmeter, and a set of non- 
inductive resistances, with switches and connecting cable. 

The terminals of the alternator should be connected through 
a resistance to the primary terminals of the transformer. The 
object of this resistance is merely to prevent an abnormal rush of 


1 See “Recent Researches in Electricity and Magnetism,” J. J. Themson, 
Clarendon Press. First edition, 1893, p. 281. 
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- current at the moment of switching the alternator on to the trans- 
former, which may occur if the residual magnetism in the core 
happens to be in the same direction as the magnetizing force due 
to the first current wave. In this case the E.M.F. of self-induc- 
tion of the primary would at first be comparatively small, and 
unless the precaution is taken of inserting a starting resistance the 
first rush of current, although not likely to injure the transformer, 
may be large enough to blow any fuses in the circuit or damage 
the current-measuring instruments. Before taking any readings, 
the starting resistance is, of course, cut out. 

In the primary circuit must be placed a wattmeter, W (see 
Fig. 40), the fine-wire coil of which is connected across the 
primary terminals of the transformer, 7, while the thick coil is 
placed in series with the primary of 7, and carries the main 
current from the alternator D. The secondary circuit of the 

transformer is closed 


s through an ammeter, 4, 
a 7 | and a non-inductive 
A) variable resistance, R, 
+ 4 “ and a voltmeter, V, is 
oth placed across the se- 

wi wl 


condary terminals. S is 
the starting resistance 
in the primary circuit. 

The primary current will not, in general, coincide in phase 
with the primary PD; hence the necessity of using a wattmeter 
to measure the input. 

The secondary current will coincide in phase with the secondary 
terminal PD, since the load is non-inductive, so that the pro- 
duct of the ammeter and voltmeter readings gives the output in 
watts. 

Let the reading of the wattmeter when the transformer is at the 
given load = w watts, and let the readings of the ammeter and 
voltmeter be ¢ amperes and v volts respectively. 

The efficiency, », is then given by— 


Fie. 40. 


ae 
cere 
By altering the resistance in the secondary external circuit 
the efficiency at any load may be determined. 
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The ammeter and voltmeter in the secondary circuit might, 
of course, be replaced by a wattmeter if desired; and any system 
of instruments which would give the true input of the transformer 
might replace the wattmeter in the primary circuit. 

74. Second Method.—In the first method it is assumed 
that an alternator is at hand which is capable of supplying power 
to the transformer when working on full-load. If the transformer 
is a large one, and if the alternators at disposal are of insufficient 
capacity to supply the transformer at full-load, other methods of 
determining the efficiency must be adopted. 

The output of the transformer at any load is the difference 
between the input and the losses. These losses consist of (1) 
hysteresis loss, (2) eddy-current loss, and (3) copper (277) losses in 
both primary and secondary circuits. The iron losses are practi- 
cally the input of the transformer on open secondary circuit; and 
the copper losses can be calculated for any assumed load, and 
hence the efficiency corresponding to that load may be determined. 


Let W be the iron losses. 
7, the primary resistance. 
72 the secondary internal resistance. 
% the primary current corresponding to the assumed 
output. 
7g the corresponding secondary output. 
w the assumed output in watts. 
» the efficiency. 


Then— 

ee output 

~ output + losses 
w 


y 


The copper losses on open secondary circuit are so small that 
they may be neglected. We may, therefore, determine W by 
placing a wattmeter in the primary circuit when the secondary 
circuit is open. 

The next step is to measure, by means of a Wheatstone’s bridge 
(or otherwise), the resistances 7; and 72 of the two coils, correcting 
for the temperature corresponding to the load. 

By giving the assumed values to w, the efficiency at any out- 
put may be calculated. 
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75. Third Method.—This method, due to Mr. Mordey, 
consists in running the transformer at the load at which it is to be 
tested until its temperature, as determined by a thermometer 
placed inside it, is constant. The alternating current is now re- 
placed by a steady current, having such a value as to maintain the 
same steady temperature. The total losses are then given by the 
product of the steady current in amperes and the volts between 
the terminals of the transformer. | 

76. Fourth Method.—tThis is a method by which the © 
efficiency can be determined by calculation from a knowledge of 
the primary R.M.S., applied P.D., the resistances of the primary 
and secondary windings, the frequency, the dimensions of the 
core, the thickness of the core stampings, and the number of turns 
on the primary coil. 

The resistances of the coils may be calculated by determining 
the lengths and cross-sections of the wire composing the two coils 
respectively. 


CALCULATION OF HysTERESIS Loss. 


77. To calculate the hysteresis loss, we must first determine 
the maximum induction in the core, and then refer to Table IV., 
Chap. XL., giving the loss in watts per cubic centimetre at that — 
induction. 


Let e be the R.M.S. applied primary P.D. 
A the cross-section of the core. 
JN, the number of primary turns. 
£ the maximum induction. 
n the frequency. 


Then— 


2rn ANB 
ee 


very nearly 


since this gives the counter E.M.F. in the primary circuit; 
therefore— 
ie eS 
Eas /2anN,A 


Substituting the known values of e, n, V, and A, we obtain the 
value of £. Referring now to Table IV., Chap. XI, we find the 
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corresponding hysteresis loss in watts per cubic centimetre, and 
multiplying this by the volume of the core in cubic centimetres, 
the total hysteresis is determined. 

The eddy currents can be calculated from the formula— 


W = (Fos) 


(see § 61, Chap. XI.), and the copper losses can be calculated for 
any assumed output on calculating the resistances of the two 
circuits. We then have— 


S assumed output 
1 = assumed output + total losses 


We note that the iron losses per cubic centimetre may be written 
(see §§ 59 and 61)— 


bn By? 
ae pre 4 bo 
H=tknB + (Fes) 
k being a constant. 
Now, if the applied primary P.D. is constant, the product nb 
is constant ; therefore we have— 
k(inB)> = B(nB/ 
nore 10% 


P 
=a t+ @ 


H= 


where P and Q are constants, if ¢ is constant. 
Thus we see that the iron losses diminish as the frequency 
increases. 


REGULATION OF TRANSFORMERS. 


78. One of the most essential features of a good transformer 
is that the secondary terminal P.D, should remain constant, as the 
secondary load varies. 

The causes which tend to bad regulation are (1) large primary 
magnetizing current, (2) magnetic leakage, and (3) large secondary 
internal resistance. 

The first and second are minimized by working at low induction 
densities, and by having closed magnetic circuits. In modern trans- 
formers there is very little leakage, owing to the fact that there is 
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less tendency to leakage when the magnetic circuit is closed; also 
by winding the primary and secondary circuits in sections placed 
alternately side by side the difficulty is to a great extent overcome. 

To test the regulation of a transformer the terminal secondary 
voltage should be taken at all loads from no-load to full-load, the 
primary terminal P.D. being kept constant. 


INSULATION TESTS. 


79. Having tested the efficiency and regulation of a trans- 
former, the next step is to test its insulation. 

The primary coil should be well insulated from the secondary. 
To test the quality of the insulation between the two coils requires 
more than the ordinary measurements for the determination of 
insulation resistance. The insulation should first be determined 
by any of the known methods, and then the transformer should 
be run continuously for two or three hours, with twice or three 
times the voltage for which it is intended, and then insulation 
resistance should be determined again. If the insulation has in 
no way suffered, the test may be considered satisfactory. 


TEMPERATURE TEST. 


SO. It is of great importance that a transformer should remain 
sufficiently cool even if working continuously on full-load. If 
the temperature exceeds about 60° C., there is danger of the 
insulation being damaged. | 

Before a transformer is passed as satisfactory it should, there- 
fore, be run continuously at full-load for some hours, and tempera- 
ture readings taken at regular intervals of time by means of 
thermometers inserted into it at different places. When the readings 
indicate that the temperature is stationary, the thermometers 
should not register more than 60° C. | 

The stationary temperature depends upon the size and con- 
struction of the transformer. A small transformer has a greater 
cooling surface per watt of output than a large one. There is, as 
a rule, no danger of overheating small transformers by simply 
running continuously at full-load. With large transformers, 
however, special devices have frequently to be employed to get 
rid of the heat, e.g. immersion in oil. 
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PROBLEMS ON CHAPTER XII. 


1. Calculate the lengths, cross-sections, and resistances of the primary and 
secondary windings of a transformer whose output is 50 kilowatts, the trans- 
formation ratio being 2000 to 100 volts, the copper losses 1°25 per cent. of the 
output, and the current density being 150 amperes per square centimetre. 


Answers. 1, = 52,188 cms.; o, = 0°167 sq. cm.; 7, = 0°5 ohm 
1, = 26,039 cms.; ¢, = 3°333 sq. cms. ; 7, = 0°00125 ohm 


2. If the frequency is 50 cycles per second, and the induction 3500 lines 
per square centimetre, and the rest being the same as in Question 1, complete 
the design as a transformer of the Mordey type, and calculate the full-load 
efficiency. 

3. Calculate the lengths, cross-sections, and resistances of the primary and 
secondary windings of a transformer whose output is 10 kilowatts, the transfor- 
mation ratio being 500 to 200 volts, the copper loss 4 per cent. of the output, 
and the current density being 150 amperes per square centimetre. 


Answer, 1, = 41,667 cms.; o, = 0°133 sq. cm.; 7, = 0°5 ohm 
1, = 16,667 cms. ; «, = 0°333 sq. cm. ; 7, = 0°08 ohm 


4, If the frequency is 80 cycles per second, and the induction 4000 lines 
per square centimetre, and the rest the same as in Question 3, what is the total 
weight of the transformer, the iron losses being 5 per cent. of the output, and 
the thickness of the stampings 15 mils.? 

Answer. 913 lbs. 


CHAPTER XIII. 


Synchronous Motors—Method of synchronizing a Power Plant consisting of 
Generator and Motor—Armature Reaction—Stability of Plant. 


SyncHronovus Morors. 


$1. Just as a direct-current generator can be driven as a motor by 
applying a continuous P.D. between its terminals, so can an alter- 
nator, if its field is separately excited, and a suitable alternating 
P.D. be applied between its armature terminals. 

Suppose that the field of an alternator is excited by a direct 
current in such a way that its poles are alternately north and 
south, and suppose an alternating current is sent through its arma- 
ture coils so that each armature pole is for one half-period of the 
current a north pole, and for the next half-period a south pole. It 
is easily seen that there will be impulses on the armature tending 
to drive it first in one direction and then in the other, so that if the 
armature is initially at rest, no motion at all will take place. But 
suppose that a motion is mechanically given to the armature, so 
that in half a period of the alternating current an armature pole 
passes from one field pole to the next, then the impulses due to 
the reaction between field and armature will always tend to drive 
the armature in the same direction, and motion will continue so 
long as no external influence causes the armature to revolve at a 
different rate. 

An alternator driven as a motor can therefore only run at one 
fixed speed, depending upon the periodicity of the current 
which drives it. On this account, such a machine is called a 
Synehronous Motor, since it will only run at that 
particular speed which corresponds to synchronism with the 
alternating current which drives it. 
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On starting such a motor, the armature current is not switched 
on until the speed corresponding to synchronism is attained by 
some other means. 

$2. Any piece of apparatus which is used to indicate when 
synchronism is attained is called a Synehronizer. 

Let M (Fig. 36) be the motor, and D the distant alternator ; 
let V be a hot-wire or electrostatic voltmeter, and, when working 
at high voltages, let R be a high resistance; and let the connec- 
tions be as represented in the 
diagram before the alternating 
current is sent round the motor 
armature. When the motor 
and generator are not in syn- 
chronism, the P.D. between 
the terminals of the voltmeter 
will oscillate with a rapidity 
equal to the difference of the frequencies of the E.M.F.s of 
generator and motor; and the voltmeter needle will oscillate 
accordingly. The oscillations will become slower and slower 
as the speeds approach synchronism; and when synchronism 
is exactly attained, the needle will be steady, and will have.a 
minimum deflection. Incandescent lamps, or a gold-leaf electro- 
scope, make good synchronizers, and might replace the voltmeter. 
The above method of obtaining synchronism is obviously applic- 
able to the general case of any two alternating-current machines, 
whether both generators, or one a generator and the other a motor. 

83. We now pass on to the following theory of the synchro- 
nous motor, due to the author.! - 

We consider the case of an alternating-current machine whose 
field is separately excited by a direct current, while a simple 
alternating current passes round the armature. 


Fig. 41. 


Let w = output of motor in watts. , 
7 = R.M.S. value of armature current. 
y = resistance of armature. 
H=R.M.S. P.D. impressed between motor terminals. 
é= K.M.S. Counter E.M.F. of motor. 
L = coefficient of self-induction of armature. 
n = frequency of armature current. 


' Philosophical Magazine and Electrical Review, vol. 36, Nos. 905, 913; vol. 37, 
Nos. 919, 924, 926, 929, 934, 9388; and vol. 38, Nos. 949, 974. 
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I = impedance of armature = \/{7? + (2rnZ)’}. 
S = reactance of armature = 2rnl. 
~ = phase difference between? and £. 
p Ps is PAS 
6 " a Ta 7 ® 
Then the input = w + ?r 
and also = 7H cos ~ 


therefore— 
weer ath cad. 9 t. See 
Solving this equation for ¢, we get— 


FOS Y 4 VE cost — or) Finn @) 


Since 7 is always real, we must have— 
E cos* w greater than, or equal to, 4wr 


therefore the maximum output is given by— 


RP 
Se oe 


This occurs when ~ = 0; that is, when the current is in phase 
with the impressed P.D. 

The current corresponding to maximum output is then seen 
to be— 


i = 


(ae. ah ieee eee 


To obtain the corresponding value of e we proceed as follows :— 
There are three E.M.F.s—e, E, and Si—which have a resultant 
rt. Of these # is in phase with 2, whilst Sv is at right angles 
to it, and ¢ differs in phase with ¢ by an angle ¢. The components 
of ¢ along and at right angles to ¢ are—e cos ¢ and ¢ sin @; there- 
fore we must have— 
E-ccop=7% 
and— 
é sin o= St 
But when the output is a maximum— 
EH = 2ri 
therefore— | 
€ COS p = 1% 


than the counter E.M.F. 
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whence— 
2 / (7? 4° S*)t 
= It 


LEK 
eit whos a ke + 5 4B) 


Thus at maximum output we have— 


OO Ee ane) 


It follows that ¢ is greater than, equal to, or less than Z, accord- 
ing as J is greater than, equal 
to, or less than 27; that is, 
the P.D. impressed between 
the motor terminals need 
not necessarily be greater 


developed by the motor. Fig. 42, 


A graphic representation of the general phase relationships is 
given in Fig. 42. In the case of maximum output 7 is zero. 


Licgut LOAD. 


$4. In the case of the motor running on light load, we may, 
if we neglect the friction of the bearings, etc., put w = 0, so that 
by (1)— | 
ir = 1H cos 
and— 
ie cos @ = 0 


. 


This shows that— 


T 
=1t5 
Also the maximum current at light load is (putting ~ = 0) given 
by— 


CE a ee een 
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which is double the current corresponding to the maximum 
output. 

The corresponding value of the counter E.M.F. may be shown 
to be— 


(8) 


Minimum CURRENT AT GIVEN Power. 


85. Taking the equation— 


w+v?r =F cos ~ 
and equating i to zero, we see that, whatever be the output of the 
motor, the current is a minimum (for that output) when y = 0, 
that is, when the current is in phase with the impressed P.D. 


FUNDAMENTAL EQUATION OF SYNCHRONOUS MorTor. 


86. With notation as above, p. 127, we have— 
W = 1 COS 
and— 
E? =e + Ji? — 2eli cos (¢ — 6) (From Fig. 42, p. 128.) 
Also— 
ee S 
cos O=53 sin 0=F5 
therefore— 


F2-2@— 2? -— Aww = + WPF — uw? . . (9) 


This equation is called by Steinmetz the “fundamental equa- 
tion.” For a given output and applied P.D. this equation gives 
the relation between the current and the counter E.M.F. It is, in 
fact, the equation to the characteristic curve of the machine. 


PLANT CONSISTING OF AN ALTERNATOR AND SYNCHRONOUS ~ 
Moror. 


87. The above fundamental equation obviously retains the 
same form if # represents the E.M.F. of the generator, 7 the total 
resistance, and J the total impedance of the two armatures and 
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line of a plant consisting of a simple alternating-current generator 
and a synchronous motor, S now representing the total reactance 
of the system. 

Let Z be the sum of the self-inductions of the two armatures 
and line, so that S = 2rnZ. 

The E.M.F., 77, which drives the current is the resultant of 
F, e, and Si, so that £, e, Si, with ri reversed, form a system of 
E.M.F.s in equilibrium. 

In Fig. 43 let the positive direction of rotation be counter- 
clockwise, and let Oz be 
the direction of the cur- 
rent. The instantaneous 
value of the current 
does not concern us at 
present, 

Take OR’ equal to 
‘7u reversed, and, conse- 
quently, opposing the 
current; let OS’=WSi, 
lagging behind the cur- Fic. 48. 
rent by a quarter of a 
period. The resultant, 07" of OR’ and OS’, must then be equal, and 
opposite to the resultant of # and e¢. If, therefore, we produce 
T’0 to T, and make O7'= O7", OT will represent in magnitude 
and direction the resultant of Hand e. If, now, we are given the 
magnitudes of # and ¢, we can find their directions by the paral- 
lelogram law. Now, two parallelograms can be constructed, having 
OT as diagonal, and ZF, ¢ as adjacent sides; but, since H is the 
E.M.F. of the generator, we take that which gives the component 
of # along Oi in the same sense as the current. 

The other parallelogram would make ¢ the E.M.F. of the 
generator. We may notice that the possibility of constructing 
these two parallelograms proves that, in general, either of two 
alternating-current machines may be driven as a motor by the 
other, irrespective of the magnitudes of their relative E.M.F's. 


m 


> | 


Let now— 
angle 10H = 
angle i107’ = @ 
and— 
angle i0e = @ 


132 TREATISE ON ALTERNATING CURRENTS. 


Draw through 7’ the line PS7@ parallel to the line of current, 

and draw PM, SO, Th, and QN through ¢, O, T,and Q respectively, 

at right angles to the line of current. We then have— 
StS _ Arnl 


tan §# = — = — 
% «= ? 


(10) 


that is, 8 is independent of the current, and O7' is a fixed direction 
relative to Oi, so long as the speeds of the machines are kept 
constant, and Z is considered constant. 

In Fig. 48, OS (or PM) [= 2xrnLi] is proportional to the 
current 7. 

OM is the component of e directly opposing 7 OR is the 
E.M.F. required to overcome resistance, and ON is the component 
of # in the direction of 7; hence rectangle PSO is proportional 
to the output of the motor (w). 

The rectangle OSTR is proportional to the 77 losses, and the 
rectangle OSQN is proportional to the output [7H cos | of the 
generator. 

From this and the equation— 


w+ ir = iF cos p 
it follows that the efficiency of transformation— 
_ OM _ OM 
om OM AER 


If the output of the motor is kept constant, we have— 
rectangle PSOM = constant 


and the locus of P is a rectangular hyperbola having OM and OS 
as asymptotes (Fig. 44). 

Take any point P on this hyperbola. We have seen that O07’ 
has a fixed direction relative to 01; and the point 7’ (Fig. 44) on 
this direction is found by drawing through JP a line parallel-to 07. 
Again, ¢ lies on the line through P parallel to OS, and e7’ = # in 
magnitude. Let the E.M.F. of the generator be kept constant and 
equal to #. With centre 7, and radius £, describe a circle cutting 
PM in ec and e’; then the corresponding counter E.M.F. of the 
motor may be either Oe or Oc’, and the current is represented in 
magnitude by PI; that is, corresponding to given values of # and 
i, there are two values of e. The relative phases in the two cases 
are shown in the parallelograms Oe7'E and Oc'TE;' (Fig. 44). 


THEORY OF SYNCHRONOUS MOTOR. 133 


To find the point 2’ on the hyperbola corresponding to mini- 
mum current, we have to bring the points ¢ and ¢’ into coincidence. 
The point P is obviously got by taking OZ’; equal to Z, and 
through 2’, drawing LP" parallel to OT. 

The resulting parallelogram OP'T,E,. shows that the generator 
E.M.F. is in phase with the current. 

Suppose, now, that the generator field is kept constant, shila 
that of the motor is varied. 

When the motor field is small, as eg. Oe (Fig. 44), we see 
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Fig. 44. 


that the current leads before the motor E.M.F., and lags behind 
the generator E.M.F. 

When ¢ exactly opposes 7, the latter lags behind JZ. 

When # and ¢ are in phase (minimum current), 7 lags behind e. 

When ¢ is still further increased, as ¢.g. Oc’, 7 leads before £, 
and lags behind e. 

We see, therefore, that by properly adjusting the excitation of 
the field of the motor, the current may be in phase with, or may 
lead before, or lag behind, either generator or motor E.M.F's. 
This is a point which should be borne in mind, as it has an 
important bearing on the regulation of a power-transmission plant. 
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ARMATURE REACTION. 


88. We have hitherto supposed that the E.M.F. of the 
generator, and the counter E.M.F. of the motor, are due simply 
to the exciting current which passes round their respective field 
coils, or that the excitations of the fields are fixed by the field 
currents. Now, this is not quite true, since the magnetization of 
the fields depends upon all the magnetizing forces in the neigh- 
bourhood, and consequently upon the combined effects of the 
currents in both field and armature coils. 

The effect of the armature current in modifying the field is 
usually called apmature reaction. 

The whole question of armature reaction turns upon the phase 
relationships of the current and the E.M.F.s of generator and 


Fig. 45. 


motor. Our investigation will include both generator and motor, 
because both questions are of importance when the whole plant 
is taken into consideration. , 

Let Fig. 45 be a diagrammatic representation of an alternating- 
current machine running as a generator, the direction of rotation 
being clockwise. If the armature is wound as in figure, the E.M.F. 
will be a maximum when each armature coil is midway between 
two consecutive field poles, since the number of lines of force of 
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.the field which thread through the armature coil is then a 
minimum, and the rate of cutting lines of force is a maximum. 

If the current is in phase with the E.M.F., it is evident that 
the average armature reaction is zero, because the current then 
attains its maximum value when the coil is midway between two 
consecutive field-coils, and (the rotation of the armature being 
clockwise) whatever effect an armature pole, A (see Fig. 45), has 
on a field pole, S, as it recedes from it, there will be an equal but 
opposite effect on the consecutive pole, V, on its approach. The 
same would be true if the difference of phase between E.M.F. and 
current were 180°, as might be the case if the machine were 
running as a motor. ‘Thus, in the case of a generator, the average 
armature reaction is zero if the E.M.F. and armature current are 
in phase, and in the case of a motor, if the counter E.M.F. and 
current are in exact opposition. 

Now suppose the machine running as a generator and that the 
current and E.M.F. are not in phase, but that the former leads over 
the latter by some angle (less than 180°). Consider the same poles 
in Fig. 45. The current in the coil 4 will now attain its maximum 
value before it reaches the position midway between S and J, so 
that the effect of the current in 4 on the pole S will be greater 
in magnitude than its (opposite) effect on NV. But the lines of 
force due to the field current pass through the armature in the 
direction WV to S, as shown by the dotted lines in the figure, and 
the lines of force due to the armature current are in the direction 
from armature to field, from A to S; thus the effect of the current 
in A, as A passes from S to J, is to strengthen the pole S, and 
weaken the pole JV, but to a less extent; therefore the average 
effect of the leading current is to strengthen the field. By similar 
reasoning we may show that a lagging current weakens the field 
when the machine is running as a generator. 

If the machine were running as a motor, the armature current 
at any instant would flow in opposition to the counter E.M.F., so 
that the tendency of the current in A would be to weaken the 
pole S and strengthen the pole J, and the average effect of a lead- 
ing armature current is to weaken the field of a motor. Similarly 
the average effect of a lagging armature current is to strengthen 
the field of a motor. 

We have now proved that the field of a generator is 
strengthened when the current leads before its E.M.F., 
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and weakened when the current lages 5 and that the field of 
a motor is weakened when the current leads before its 
counter E.M.F., and strengthened when the current lags. 

89. Referring to Fig. 44, we conclude that when the excita- 
tion of the motor field is small, armature reaction weakens the 
field of both generator and motor, and when the motor is over- 
excited both machines have their fields strengthened. When work- 
ing at minimum current, armature reaction strengthens the motor 
field, and does not affect the field of the generator. When the 
field of the motor is unaffected, the generator field is weakened. 

90. In ordinary working conditions, it is usual to excite the 
field of the motor to a somewhat greater extent than is required 
to obtain minimum armature current; for, though the ¢r losses 
are a minimum and the efficiency a maximum when the current 
is a minimum, it is advisable to increase the counter E.M.F. to 
a certain extent in order to cope with accidental variations of the 
load. Under ordinary working conditions, therefore, the effect of 
armature reaction is to strengthen the field of the motor and also 
of the generator, but to a less extent. 

91. We now proceed to obtain an expression for the alteration, 
in ampere turns, of the field excitation due to armature reaction. 

Let be the displacement of phase of the current over the 
E.M.F. of the machine; V the number of turns of wire in one 
section of the armature; 7 the R.M.S. armature current; A the 
mean value of the current through an angle ¢ on each 
side of its maximum value; and 2% sin pt the instantaneous value 
of the current. 

The mean alteration of the field excitation in ampere turns is 


then— re . 
acct dee Meee! 
Tv ‘ 


where ¢ is expressed in circular measure. 
But— 


(F+#)> 


I=? | wsin pt: dt 


G-*)» 
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since — 
Sai a/ 2% 


The required expression for the change of ampere turns 1s 
therefore— 


2N at 
=? ioe * sin p 
aus, arly <=. (18) 


To find the total excitation of the field, we must add expression 
(13) to, or subtract it from, the ampere turns on the field, accord- 
ing as the current leads or lags in a generator, and lags or leads in 
a motor. 


STABILITY OF A PLANT CONSISTING OF AN ALTERNATING-CURRENT 
GENERATOR AND A SYNCHRONOUS Moror. 


92. The plant is said to be working in a condition of stability 
if, for a small increase or diminution of the output of the motor, or 
for a small increase or diminution of the E.M.F.s of generator or 
motor, it will continue to work. 

We shall suppose the E.M.F. of the generator on open circuit 
to remain constant, so that the question of stability will involve 
two distinct problems. (1) Given the E.M.F.s of generator and 
motor, and the resistance, etc., of the complete circuit consisting of 
the two armatures and line, when will a breakdown occur if the 
load on the motor is varied? and (2), given the E.M.F. of the 
generator, the output of the motor, and the resistance, etc., of the 
_ complete circuit, between what limits may the counter E.M.F. of 
the motor be varied without a breakdown occurring ? 

The fundamental equation has been obtained in the form— 


FE? — 2 — [772 — Qrw = + AY Pe? — w? 


If Z,7, 8S, and w are given, this equation gives a relation 
between the current 7 and the counter E.M.F. ¢ of the motor. We 
can, therefore, plot a curve with values of ¢ for ordinates, and cor- 
responding values of 7 for abscisse ; and by giving different values 
to w, a series of such curves will be obtained. We may call them 
characteristic curves. A series of characteristic curves 
is given in Fig. 46. 
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The fundamental equation is of the fourth degree in ¢ and 4, 
and is symmetrical with respect to the axes (since e and @ occur 
with even exponents only). 

The curves in the first and third quadrants represent the con- 
dition of affairs when the machine is running as a generator, since 


Fig. 46. 


in these quadrants ¢ and 7 have always the same sign. In the 
second and fourth quadrants the machine is running as a motor. 
The symmetry of the curves renders a detailed consideration of the 


second quadrant sufficient. 
By squaring and transposing the fundamental equation, we can 


put it in the form— 
Tt — 2( L2H? — Te? — 2r Pw + 28%0?)i? + (LH? — 2 — rw)? + 48°? =0 
Solving this as a quadratic equation in 7”, we get— 


eho Pk? — [72 — 2rl?w +- 28%? 


v7 7 

1 
+ pV (PE — Pe = IrPw + 282)? — (HB? - & — Qrwy 
+ EO ee ee ee 


Now, 7 must be real, therefore 22 must be real and positive. 
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This gives us as a first condition that the quantity under the 
square root must be positive, or, in the limit, zero. That is— 


(22H? — Ic? — 2r]?w + 258%?) is greater than or equal to 
I{(B? — 2 — 2rwyP + 4S?w?] 


Since— 
Part 82 
this reduces to— 
I°¢eE? is greater than or equal to 7c! + 2/%rwe? + [tw 
or, taking the square root of both sides— 


Ic is greater than or equal to 7e2 + J2w. . (15) 


The limiting values of e¢, for any given output, w, are therefore 
given by the equation— 


Tee Lee Pa 0. AT) 
provided, at the same time, the condition— 
PH? [Pe — 2rT’w +287? is greater than or equal to zero (17) 


is satisfied, since this is necessary in order that 7 may be 
positive. 

It is not difficult to show that (17) is satisfied by all values of 
w and e which satisfy (15), for, by (15), we have— 


J*w is less than or equal to JeH — re? 
therefore— 
PH? — [Pe — 2rT’w+287e? is greater than 17H? — Je? — 2r(JeH — re’) 
+2S7¢? 
oreater than J*H? — 2rJeH +7°e? — Se? 
greater than (7H —re)?+ Se? 


Thus, when (15) is satisfied, so also is (17). It will, therefore, be 
sufficient to see that condition (15) is always satisfied. 
Provided, then, that— 


re? — [Ke + I*w is equal to or less than zero 


the current will be real, and we shall have a possible working 
condition of the plant. 
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Solving equation (16) we get— 


TE VI?k? —-42Prw . 
e=— +t 
yas Qr 


=S{E+/P ot... . . (19) 


This gives the maximum and minimum values of ¢ when # and 
w are given. | 

If we consider w as variable, it also gives the greatest possible 
value of ¢ for a given value of the generator E.M.F.; this occurs 
when w = 0, and the greatest possible value of ¢ is given by— 


ox asec... . . . (19) 


where— 


iatee 
r 


We have noticed before (§ 87) that the generator E.M.F. is 
not necessarily greater than the counter E.M.F. of the motor. We 
are now in a position to say that, neglecting losses due to friction, 
hysteresis; etc., a generator of E.M.F., # can drive as a motor any 
alternating-current machine whose counter E.M.F. lies between 
the values O and E sec 0, where @ is defined by the equation— 


tan Pee 
. 


S being the total reactance, and 7 the total resistance of the two 
armatures and the line. 

It will be well to remember that for the above statement to 
be true, ¢ and # are not the E.M.F.s on an open circuit, but the 
E.M F-.s due to rotation in the resultant fields determined by the 
exciting currents, together with the armature currents. 

Equation (18) also shows that the maximum output of the 
motor is given by— 


E? 
= a> 


where # is now the total E.M.F. generated by the driving machine, 
and 7 is the total resistance of the two armatures and line. 
So long, therefore, that the output lies between the values 
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0 and = and the counter E.M.F. lies between the values 0 and 


E sec 0, the plant will be in a condition of stable working. 


EFFICIENCY. 
93. The electrical efficiency of the motor is— 


w 
w+ er 


where w is the output of the motor, 7 the resistance of its armature, 
and 7 the current. To make the efficiency high, the resistance of 
the armature should be small, and the plant should work in the 
neighbourhood of minimum current in the line for the given 
output. 

It appears from practical results that 3 horse-power machines 
can be made to have an electrical efficiency of over 85 per cent., 
and 6 horse-power machines of over 90 per cent.; also machines 
have been made to develop their full-rated powers at frequencies 
of 60 to 80 complete periods per second. 

It has been shown that when the motor is excited to a slightly 
greater extent than that which corresponds to minimum current, 
the fields of both generator and motor are strengthened by arma- 
ture reaction, so that it appears advisable for the armatures of 
both machines to possess a fair amount of self-induction, not only 
on account of the strengthening of the fields, but also because, in 
the case of a breakdown, the counter. E.M.F. of self-induction 
would then prevent too large a current flowing, and would diminish 
the risk of burning up the armatures, __ 


PROBLEMS ON CHAPTER XIII. 


1, A synchronous motor whose armature has a resistance of 0°5 ohm and 
self-induction 0-025 henry runs with a P.D. of 100 volts between its terminals. 
What is its maximum output (irrespective of heating limit)? and what is the 
corresponding current and counter E.M.F., the frequency being 50 periods per - 
second ? 

Answer, Maximum output = 11,250 watts; current = 100 amperes; counter 
E.M.F. = 1180 volts. ‘ 
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2. A synchronous motor is capable of giving 30 kilowatts without falling out 
of step when running on a 200-volt 50-frequency circuit, and its counter E.M.F. 
is then 1500 volts. What is the resistance and self-induction of its armature ? 
and what is the current corresponding to its maximum output ? 

Answer. Armature resistance = 0°333 ohm ; armature self-induction = 0-016 
henry, nearly; current = 300 amperes. 


CHAPTER XIV. 


Polyphase Currents — Generators — Combination of Currents—Production of 
Rotary Magnetic Fields—Intensity of Rotary Field—Induction Motors— 
Starting Devices for Induction Motors—Structure and Performance of 
Induction Motors. 


POLYPHASE CURRENTS. 


94. In the last chapter we saw that an ordinary alternating- 
current machine can be driven as a motor, provided that its speed 
is first brought to synchronism with the alternating current which 
feeds it. In other words, a synchronous motor such as is described 
in the preceding chapter is not self-starting, but requires an auxiliary 
machine to first bring it into synchronism with the current. 

This disadvantage caused electrical engineers to seek some new 
type of alternating-current motor which would start without 
mechanical aid. Such a motor was at length devised whose 
working depends upon a suitable combination of alternating 
currents differing in phase from each other—so called Poly= 
phase Currents. 

Before describing the motors themselves, we will consider how 
polyphase currents can be generated, and investigate the electrical 
and magnetic effects due to their combined action. 

The only systems of polyphase currents in practical use are 
(1) Di-phase Currents, or two alternating currents of the 
same strength and periodicity, but differing in phase by a quarter 
of a period, and (2) Tri-phase Currents, or three alter- 
nating currents of the same strength and periodicity, but mutually 
out of phase with each other by one-third of a period. 


DI-PHASE CURRENTS. 


95. Suppose that, instead of tapping the armature of a 
dynamo-electric machine at two points 180° apart only, as in a 
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simple alternator, it is tapped at four equidistant points—that is, 
each 90° from the next—and that each tapping is carried to a 
separate collecting-ring on the shaft of the machine, as is shown 
diagrammatically in Fig. 47. 

It is then evident that each pair of connections 180° apart will 


give rise to a simple alternating current; but the current in one 
pair of leads will be 90°, or a quarter of a period, behind the other, 
according to the direction of rotation of the armature. : 
In Fig. 47, if the direction of rotation is clockwise, the current 
in coils a, a’ will lag behind that in coils 0, b' by a quarter of a 
period. 
If the current in coils a, a’ is represented by 7, sin pt, that in 


~ coils b, b' will be represented by 7, sin (wt oa 5) 


If these two currents were transmitted along the same wire, 
the resulting current would be given by— 


i = 4, sin pt + i) sin (pt +5) 
= V2iy sin (pt + 7) Soy! 


These are represented graphically in Fig. 48; the dotted line 
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Fig. 48. 


TRI-PHASE CURRENTS. 145 


shows the resultant leading before the curve 7, sin pt by one-eighth 
of a period, and lagging behind the curve 1, sin @ + 3) by the 


same amount. 


TRI-PHASE CURRENTS. 


96. If, instead of tapping the armature of an alternator in 
two places 180° apart, as for monophase currents, or in four places 
90° apart, as for di-phase currents, it is tapped at three equidistant 
points 120° apart, each of the three portions of the armature will 
be the seat of an alternating E.M.F., but the E.M.F.s will be 
mutually out of phase by one-third of a period. Each line con- 
ductor will therefore carry an alternating current of the same 
intensity and frequency, but mutually differing in phase by one- 
third of a period. 

Fig. 49 shows diagrammatically such a tri-phase generator in 


Fig. 49. 


which the internal field-magnet rotates whilst the external 
armature is stationary. 
If the current in one of the line wires is represented by ¢, sin pt 


those in the other two wires will be i, sin ( pt + =) and 7% sin 


(pt a re) respectively. 
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If these three currents pass simultaneously along the same 
wire, the resulting current is— 


ig sin pt + 4 sin (pt +32) + 4, sin (pt +5 =0 


that is, the resultant current is zero when three currents, mutually 
out of phase by one-third of a period and of the same intensity and 
frequency, act simultaneously in the same circuit. 


RoTrarRy MAGNETIC FIELDS. 


97. Suppose that an anchor-ring of laminated soft iron is 
wound as in Fig. 50, and that the coils a, a are traversed by an 
alternating current, and the coils 8, 0’ 
traversed by a second alternating cur- 
rent of the same intensity and fre- 
quency, but lagging behind that in a, a’ 
by a quarter of a period. When the 
current in the coils a, a’ is a maximum, 
that in }, b' is zero, so that if the direc- 
tion of the current in a, a at that 
instant is represented by the arrow 
heads, the ring will be magnetized in 
the direction 8, b', the south-seeking (S) 
pole being at 0’, and the north-seeking 
(N) at b. A quarter of a period later there will be no current in the 
coils a, a’, and that in the coils 0, 6’ will have attained its maximum 
value, so ‘that the § pole of the ring will now be at a, and the N 
pole at a’. In another quarter of a period the § pole will be at 0, 
and the N pole at 0’, and so on. 

We see, therefore, that the anchor-ring, magnetized by two 
alternating currents differing in phase by a quarter of a period, 
will have its direction of magnetization rotated at such a speed 
that it will have turned dirough 180° in half the periodic time 
of either current. 

A similar rotation of the magnetic axis would occur if the 
anchor-ring was wound with three circuits fed by three similar 
alternating currents, differing mutually in phase by one third of a 
period. In Figs. 51, 52, and 53, A, B, C represent the three wind- 
ings on an anchor-ring. If the currents in 4A, B, C are respectively 


Fig. 50. 


ROTARY MAGNETIC FIELDS. 147 


, a 4 
? sin pt, ¢ sin (wi + =} and ¢@ sin @ + +) (see p. 144), the direc- 


tion of the magnetic field is indicated by the arrows in the cases 
where the current is zero in A, B, and C respectively, the arrow 
head pointing towards the S pole. 

The magnetic field, in this case, rotates through a complete 
revolution in the periodic time of the alternating currents. 


A A A 


Fig. 51. Fig. 52. Fic. 53. 


If, now, a metal cylinder was placed coaxially within the anchor- 
ring, and free to rotate round its axis, it is easy to see that rotation 
would occur, for the rotating magnetic field would induce currents 
in the body of the cylinder, more or less parallel to its axis, and 
the mutual action of the rotating field and the field due to the 
induced currents would give rise to a couple tending to make 
the cylinder rotate in the same direction as the magnetic field. 
The couple would be greatest if the induced currents were con- 
strained to flow in directions parallel to the axis of the cylinder. 
This can be effected by building the cylinder up of thin circular 
dises of soft iron, and reducing the magnetic reluctance of the 
circuit by imbedding copper conductors parallel to the axis near 
the periphery, and connecting them together at the ends. The 
iron greatly increases the strength of the rotating magnetic field, 
while the conductors localize the induced currents. 


InpucTION Morors. 


98. An arrangement such as is here described constitutes an 
Induetion Motor; sometimes called a Rotary Field 
Motor, or a Polyphase Motor. If the rotating field is 
produced by two alternating currents, we get a di-phase 
motor, and if by three, a tri-phase motor. 

The stationary part, which is magnetized by the alternating 
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currents, is called a Stator; the rotating part in which currents 
are induced is called a Rotor. 

Both Stator and Rotor are built up of laminated iron, and the 
copper conductors are imbedded in the iron itself so that the air- 
space between the stationary and moving parts may be made as 
small as possible. 


STATOR WINDING. 


99. There are two general methods of winding the Stator 
coils; one—the star-winding—is depicted in Fig. 54, in the 
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case of a tri-phase motor, and in Fig. 55, in the case of a di-phase ~ 
motor. In this method of winding, all the coils have one end in 
common, the other end of each going to the respective line wire. 

The other way of winding the Stator is to wind the coils 
like a Gramme ring in one closed coil, tapped at three or four 
equidistant points, according as it is intended for tri-phase or 
di-phase currents. This is shown in Figs. 56 and 57, and is 
termed Mesh-winding. 


Pp 
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FIELD STRENGTH DUE TO STATOR WINDINGS. 


100. It will be here assumed that the total induction at any 
instant is proportional to the corresponding instantaneous value 
of the ampere turns. 

101. Di-phase Winding. —Two alternating-currents 
differing by a quarter of a period, and of equal intensity, are repre- 
sented in Fig. 58. The current represented by the curve A is a 


quarter of a period in advance of that represented by JB. 

We have now to find the eurve of induction produced 
by these currents. 

Referring to Figs. 55 and 57,it is seen that the currents in the 
coils a, a’ always assist those in 2, 0’ in producing the magnetic 
field; that is, the effects of the currents are algebraically added. 
Since the number of turns of wire on the stator remains constant, 
the effect of either current in producing a magnetic field is pro- 
portional to the current, so that we may take the current curve 
itself to represent the induction it produces. 

Suppose this to be done for each of the four coils a, a’, b, b'. 
From the way in which these coils are wound in Fig. 55, we see 
that if the currents in a, b tend to make the induction clockwise, 
then those in a’, b' produce a counter-clockwise induction; the 
separate inductions are, therefore, represented in Fig. 59 by the 


curves B’, A, B, A’, etc., where the curves B’, A’ are the negative 
portions of the curves B, A in Fig. 58 rectified. 


Fie. 58. 


The justification for thus rectifying the curves of Fig. 58 lies 
in the way in which the coils are wound round the Stator. 
Fig. 59 is not a representation of the currents, but of the induction, 
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and the phase of the induction depends, not only on the value 
of the current, but also on the way in which the stator coils are 
wound. 

The eurrents in the coils of Fig. 55 are two=-phased, 
but the induction is four-phased, for the induction 
produced by a’ differs by 180° from that produced by a. 

To obtain the resultant, we must add the curves B’, A, B, A’ 
together. We thus obtain the dotted curves d as a graphical 
representation of the magnitude of the induction at any time. 
When the current A is zero, Bisa maximum. Let the induction 
then be represented by unity; 45° later its value is 2 sin 45°, or 
4/2, and so on. 

The induction, therefore, varies between limits proportional to 
1 and 1°414; that is, there is a variation of about 20°5 per cent. 

t sum pt 


—— 


i Stn (pl+277 
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t Stn (pt + 47, 
3 
Fie. 60. 


from its mean value. This variation, however, becomes -consider- 
ably toned down by the effect of the rotor currents. 

102. Tri-phase Winding’s.—If the stator is wound for 
tri-phase work, as in Fig. 60, the currents in the three circuits 


may be taken to be? sin pé, 7 sin (pt ~ =) and 7 sin (wt aa = 


respectively, and are represented graphically in Fig. 61. In order 
to obtain the curve of induction produced by these three currents 
flowing through the stator windings, as in Fig. 60, we must. rectify 
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the negative parts of the curves of Fig. 61, and then add all the 


A B Cc 


Fia. 61. 


curves together. The result of the adding these curves together is 
to produce the dotted curve in Fig. 62, which represents the value 
of the induction at any instant. 
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From Fig. 62 we see that the maximum value of the induction 
is proportional to— 
4 + 22 sin 30° 


that is, to 27; and the minimum value of the induction is pro- 
portional to— 
2i sin 60°, or in/3 

Thus the induction varies between limits which are propor- 
tional to 2 and 1°732, and the variation of the induction from its 
mean value is about 7 per cent. 

Comparing the result with that which was obtained for a di- 
phase induction motor; it is seen that increasing the number of 
currents round the stator diminishes the percentage variation of 
the induction from its mean value. 

The steady running of an induction motor depends upon the 
constancy of the torque (or moment of turning couple) of the 
rotor, and consequently upon the constancy of the strength of 
the magnetic field in which the rotor revolves. It might be sup- 
posed, therefore, that the greater the number of currents, in 
different phases, exciting the stator, the steadier would be the 
action of the motor. Practical tests, however, indicate that there 
is no perceptible difference as regards steady running between a 
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di-phase and a tri-phase motor. This is probably due to the 
influence of the rotor currents, which tend to diminish the varia- 
tions of the induction. 


DIFFERENCE OF POTENTIAL BETWEEN TERMINALS OF 
INDUCTION Morors. 


103. Di-phase Motor.—lIf the coils are joined in the 
star-grouping as in Fig. 55, with or without a common junction 
at M, the potential difference between the line wires p and 1, or 
o and g, is the sum of the P.D.s between the terminals of the 
coils 6 and b', and equals 2e sin pf, if ¢ sin pt is the E.M.F. absorbed 
in either coil. 

If the coils are star-grouped, and have a common junction J, 
there is a P.D. between o and p given by— 


v=esin pt — e sin (pt * 4 


fees T 
= 20 sin (pt - a) io Wiel 
Which shows that the P.D. between the two line wires of 
different phases is \/2 times the E.M.F. consumed in one of the 
stator coils, and has a phase midway between the phases of the 
E.M.F.s in the two corresponding coils. 

If the coils are mesh-grouped, as in Fig. 57, the P.D. between 
o and p is evidently the same as the E.M.F. consumed in a, and 
equals e sin pi. 

104. Tri-phase Motor.—Let the stator coils be A, B, C, 
in Figs. 54 and 56, and p, g, 7 the line wires. Let the E.M.F\s 


consumed in A and #be e sin pt and é sin ( pt — 


If the coils are connected in mesh-grouping, as in Fig. 56, the 
P.D. between p and g is simply the E.M.F. consumed in A, or 
é sin pt. 

If, however, the grouping is in the star method, as in Fig. 54, 
the P.D. between p and q is given by . 


) respectively. 


» =e sin pt — ¢ sin (pt — 2”) 


= Ve sin (pt +) we 


ee 
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CURRENTS IN THE LINE WIRES. 


105. Di-phase Systems.—Consider Figs. 55 and 57, 
and suppose the current strengths in the coils a, a’, b, 0’, to be the 
same. 

Let the current in a, @ be ¢ sin pt, and that in 2, VU, 


ee T 
2 sin (pt ao 5} 

Then in the star-grouping (Fig. 55) the current in the line 
wire o is evidently the same as that in the coil a. 


In the mesh-grouping (Fig. 57) the current in o is the algebraic 
sum of the currents in a and 8, and is given by— 


i! =i sin pt + isin (pt +7) 
=Viisin(pe+7). 2... 2.) 


That is, the currents in the line wires are \/2 times those in the 
coils, and differ from them in phase by one-eighth of a period. 
106. Tri-phase Systems.—In a similar manner the 
currents in the line wires of a tri-phase system are— 
Star-grouping: the same as the currents in the stator coils. 
Mesh-grouping. The current in line wire, gq, is given by— 
+ eee = 2a 
¢@=27s1n pt —725s1n (pe - =) 


3 
= V3i sin (pt +7) s ellg ee A ee ee ea, 5 
where 7 sin pt, and ¢ sin (pt a = are respectively the currents 


in coils A and BP. 


THEORY OF THE INDUCTION Motor. 


107. The following theory of the induction motor is perfectly 
general, and independent of the number of phases in the stator 
and rotor. 

Before attacking the problem analytically, it will be well to 
form a mental picture of what really takes place in an induction 
motor. 

The currents in the stator windings produce a rotating magnetic 
field. At the instant of switching on the stator currents the rotor 
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is at rest, so that at the start the currents induced in the rotor 
coils will have the same frequency as those in the stator. The 
mutual reaction of the rotor currents and the rotating field pro- 
duces a torque which, if sufficiently great to overcome the load 
and the friction of the rotor bearings, will make the rotor follow 
the magnetic field. 

It will then speed up until the torque produced electrically 
balances that due to the friction and the load. As the speed 
increases, the rate at which the conductors on the rotor are cut 
by the rotating magnetic field diminishes, because the rate of 
cutting is directly proportional to the angular velocity of the field 
relative to the rotor. In consequence of this, both the magnitude 
and the frequency of the rotor currents diminish as its speed 
increases, if the load on the motor is kept constant. If there is 
no load on the rotor, and if friction is negligibly small, the rotor 
will keep increasing its speed until it runs synchronously with 
the rotating field. The rotor currents would then be zero, since 
the rate of cutting lines of force is zero. As soon as the load is 
put on the speed is diminished, and again currents are induced 
in the rotor coils. 

From this it is evident that rotary field motors must run at 
some speed less than that corresponding to synchronism. 

The ratio of the frequency of the rotor currents to that of the 
stator currents is called the Slip, and is denoted by the Greek 
letter k. 

It will now be seen that an induction motor may be considered 
as a transformer with a short-circuited secondary circuit free to 


rotate. The points of difference between the two are, (1) that — 


while the energy given to the secondary of a stationary trans- 
former is expended chiefly in an external circuit, that given to 
the rotor of an induction motor produces mechanical rotation 
against an opposing couple; and (2) whereas in a stationary trans- 
former the frequency of the secondary currents is the same as that 
of the primary currents, the frequency of the rotor currents is, 
except at the instant of starting, always less than that of the 
stator currents. 

Stationary transformers and induction motors may, in fact, be 
brought under one theoretical treatment, as has been done by 
Steinmetz. 


' « Theory of the General Alternating-current Transformer,” by C. P. Steinmetz, 
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108. We will, however, for simplicity, consider the induction 
motor alone. 

Suppose that each circuit in the stator consists of V, turns of 
wire, and each rotor circuit of WN. turns; and let the resistance 
and reactance of each stator circuit be 7; and s; respectively, and 
of each rotor circuit, when at rest, 72 and s, respectively ; and let 
the E.M.F. induced per turn in the stator coils be e. 

If w; and we are the angular velocities of the rotating field and 
rotor respectively, and the frequency of the current 7 in a stator 
coil be n, then the frequency of the current ¢, in the rotor coils 
will be— 


or, putting « for the slip— 
@y ——. a9 
aaa 
the frequency of the rotor currents is Kn. 
We will suppose that the E.M.F.s and currents have their 
R.M.S. values. 
It follows that the E.M.F. #, induced per turn in the rotor 
coils is xe. The E.M.F. induced in each circuit of the rotor 
coils is therefore given by— 


Es — KV. 9C i : é ‘ ‘ ; : (6) 
and the vector equation of E.M.F.s is— 

Tele _ kxsoto = koe AGM ns. hee (7) 
the reactance, when in motion, being ks... Thus— 
Selo. ae 
ie V9, a ke 
__ (7a — Ada )e Noe 


re + Ks9? 


(8) 


The power spent per circuit in heating the rotor is then the scalar 


product of 2 and £5, that is— 
NPC, 
192 + Ks" 


(9) 


Transactions of the American Institute of Electrical Engineering, vol. xii. pp. 351-365 
(1895); also “ Alternating-current Motors,’ by W. G. Rhodes, Electrical Review, 
vol. xxxvii. pp. 599, 600 (1895); and vol. xxxviii. pp. 139-142 (1896). . 


Power wasted = 


156 TREATISE ON ALTERNATING CURRENTS. 


Again, the E.M.F. induced in each stator circuit due to the 
rotating field is given by— 


Bethe Oo eee 


Also, the current 7 in the stator circuit consists of two parts, 
the function of one part, 7/1, being to excite the stator and produce ~ 
the rotating field, and that of the other part, 7”), to transmit energy 
to the rotor. 

But— 


which, by (8)— 
— _ (72 = hda)eNa*e 
N. 1(7°" oe k"9”) 
The power transmitted per circuit to the rotor is, therefore, the 
scalar product of the vectors— 


(11) 


— N; 1€ 
and— | 
(77 — k«so)nNo7e 
~ Met + a) 
that is— 


_eN sles 
17 + Ks" 

The output, P, of the motor is then obtained by subtracting 
(9) from (12). That is— 


Me 926779 K2N. 9°677"e 
Te? + 59" 1°)? + 789? 
_ NP rox(1 — &) 


Power transmitted to rotor = (12) 


(13) 


To find the torque, 7’, exerted per rotor circuit, we must divide 

P by the angular velocity we, but— | 
Wi — We 
Ca 

WI 
therefore— 

w= wi(1 _ k) 

that is— 

Ne? roK 


LAG wi(7'2" + K789”) 


(14) 
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The expression gives the torque in terms of the slip, the resist- 
ance and reactance of the rotor coils, the E.M.F. developed per 
turn by the rotating field at full frequency, the number of turns 


Torgue 


“Slip 
Fig. 63. 


per circuit on the rotor, and the angular velocity of the rotating 
field. 
The relation between torque and slip is shown graphically in 


. . . . i 
Fig. 63, which curve has its maximum value when xc = 


Equation (14) shows that the starting torque is (putting 
k = 1l)— 
= N. 976799 
0 wi(7s? + 83") 


(15) 


which is greater the less the reactance of the rotor-windings, and 
the less the angular velocity of the rotating field. For variations 
of 72 the starting torque is the greatest when 72 = s:, and then 
becomes— 

N. 9c" 


0 ~ = Qente 


which varies inversely as the resistance. Thus, to produce a great 
starting torque, the rotor resistance and reactance should be equal 
to each other, and each as small as possible. 

Also, since ¢ is proportional to the intensity of the rotating 
fields, it follows that a great torque can only be obtained if, in 
addition to the other favourable circumstances, the air-gap is made 
as small as possible, and magnetic leakage as nearly as possible 
eliminated. 
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Now, let Y be the admittance per circuit of the stator coils, and 
where p = virtual conductance per circuit of stator, 
= ratio of hysteretic energy current to the counter 
E.M.F. of moter, and ; 
o = susceptance of stator per circuit, 
= ratio of magnetizing current to counter E.M.F. of 
stator. 
Also let 7; = resistance of stator per circuit, 
s, = reactance of stator per circuit. 


Then the primary exciting current, %', is given by— 
ty ==> (p — ko) Nye eee ee) or: (16) 


and the total primary current is— 


ty pos ay! re i," 
ied KVo7e 
ee Wl ae 
1 p — ke 
By 1a + ks) “A K hMie SS ae (17) 
where— 
ant 
= Wy, 


The P.D. applied between the stator terminals is— 
By = — Ey + a(r1 + ks) 


1 —k 
= Fae cr + kxs2) Ae K hen + fs: )k Nie 
Sern f K(7" ksy) = ‘ \ 
= i 1. Tr, ri Tex) ar (p ko)(r1 os ks) Nie (18) 


Equations (17) and (18) may be written in the form— 


“hoon 72 pee KS2 o | 
if Pa ec + Ks") 2 K hag + 59") + 7 Jie (19) | 
and— 


v kK(7"172 + kS1S2) 
B= -[1+5 ra = 53) + pr + 68; + ht pss — ot 


k(K7182, — S172) 
- ae ayy Ne - 4 sale Ge 
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Therefore the input of the motor, being the scalar product of 
t, and L,’, is given by— 


P| k(7 12 + KS1S9) 
V = nt + K7s9”) 5 ate + a7(127 + Ks_" 


a: KS9 4 | tps Sree te k(k1182 — “ey N22 


a(1"97 + K7s9”) a(r9? + x53") 
=|" + «ri + 2prite + 208152 eae 3 (p? + 0%) KNj*e* (21) 


ad dt Ue 2 oi} 


a*(7r? + k7S9") 
Therefore the efficiency of the motor is given by— 
F 


n= oF 
r2(1 — k) 


2 
1+ Kr + 2prire + 2Kos182 + = (po + 11p? + 110") (172" + Ks") 


(22) 


It is to be noticed from equation (14) that the torque is pro- 
portional to the square of e« Nowe is the E.M.F. induced per 
turn in the stator winding by the rotating magnetic field; there- 
fore, for a given angular velocity of the rotary field, e is propor- 
tional to the field strength. To produce a large torque, it is 
necessary, therefore, to work at a high induction density in the 
stator. It follows that a high efficiency and large torque are 
antagonistic, since with a high induction density the hysteresis 
loss is large. 


MonopHASE InpDucTION Morors. 


409. In the induction motors already described, the torque at 
any instant is due to a difference between the angular velocity of 
the magnetic field and that of the rotor. 

Suppose that in an induction motor the stator coils form a 
single circuit fed by a single alternating current, while the rotor 
is exactly the same as in a rotary field motor. In this the 
resultant magnetic field preserves a constant direetion, and 
simply alternates in Sense as in a stationary transformer; so 
that if the rotor is at rest, the alternating currents induced in the 
rotor coils produce no torque, since the impulses are alternately 
in opposite directions. If, however, the rotor has, by some means, 
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an initial velocity given to it, a torque is produced, and the rotor 
will continue to rotate with a speed which increases till a speed 
almost corresponding to synchronism with the stator current is 
attained. 

To see this more clearly, we may suppose the alternating 
magnetic field replaced by two rotary fields of equal strength, and 
revolving with the same angular velocity in opposite directions. 
We leave the reader to prove that this is a legitimate supposition. 

If the rotor is started by some means in either direction, the 
induced rotor currents may be regarded as the algebraic sum of the 
currents due to cutting these two rotary fields. 

Let the slips relative to the two rotary fields be « and kg 
respectively, and suppose that the rotor is started in the direction 
of kg diminishing. Then x; is less than, and kg greater than, unity, 
and ky + Ko = 2. 

Let the corresponding torques be 7; and 7), which act in 
opposite directions, so that the resultant torque is 7; — 7,; then 
by (14)— 


ae os N3Pe*kir2 
= wurst + 12) 
and— 
be N. 9°67 Kal" 
2 wilta? + 952”) 


therefore the resultant torque is given by— 


N37671's kK} ka ) 
1-h= f PEN ta aS OS A te 
or (re? + wr? 12? + a0" J 
PS NPE? 7K, — k2)(K1K989" _ ee) (23) 


~~ wy(192 + k1789”)(7"9” ++ 9759”) 
By supposition, kz—« is positive; therefore 7, — 7) is 
positive, if— | 
Kik9S89" — 7” 1s positive 


Now, xkikg is never greater than unity; therefore a monophase 
induction motor cannot run at all unless. the reactance is numeri- 
cally greater than the resistance. So long, however, as kyK28_? — 77 
remains positive, the resultant torque will remain in the same 
direction, and the motor will continue to run. 

It appears, however, that a monophase induction motor cannot 
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possibly attain synchronism, since that would make x; or kg zero, 
and— 
Ki K989" — 1°9" 


would then be negative. There is, therefore, a limiting speed 
below synchronism beyond which a monophase motor cannot go. 

110. Starting Devices.—tThe difficulty encountered with 
monophase motors is that they will not start without some auxiliary 
starting device. The usual starting device is an additional stator 
winding, round which flows a current out of phase with the main, 
or running current. It is not necessary to have an additional 
source of power with which to supply these additional windings 
with current; they may be arranged in parallel with the main 
windings on the stator, so that the motor current divides, part going 
round the main coils, and part round the additional coils. 

If the ratio of the reactance to the resistance of the two stator 
windings is different, the currents in the two circuits will differ in 
phase, and, by making the difference of phase sufficiently large, a 
considerable starting-torque will result. 

Some makers produce the phase difference in the stator wind- 
ings by making the self-induction in one circuit large, and intro- 
ducing capacity into the other circuit by means of condensers 
made of iron plates in a solution of carbonate of soda. 

The splitting of the current causes the magnetic field to 
rotate, and the motor starts as a di-phase motor. As soon as the 
rotor is run up to a speed which may be considerably below syn- 
chronism, the additional stator circuit is broken; and as there is 
now a considerable torque exerted on the rotor, the machine will 
continue to run, and will be able to give out power with a high 
degree of efficiency. 

On referring to equation (23), we find by differentiation with 
respect to so, and remembering that x, + x = 2, that 7; — Tz, isa 
maximum when— 


ee ale (24) 
and that the maximum torque is given by— 


T, —‘T, oe N70" «1 K9( Ko saad k12) eee (25) 


W112 


That is, for a given slip, the maximum torque is inversely propor- 
M 
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tional to the resistance per circuit of the rotor winding. Thus, 
while satisfying the relation (23), both the reactance and resistance 
of the rotor windings should be small if a large torque is desired. 

At starting, a monophase motor is acting as a di-phase motor, 
and, by equation (15), the reactance and resistance of the rotor 
winding should be equal, and both small, to produce a large start- 
ing torque. If, as is usually the case, the reactance is greater than 
the resistance, then the maximum starting-torque is obtained by 
increasing the resistance until it numerically equals the reactance. 
This can be done by winding the rotor with a tri-phase star wind- 
ing, terminating in collector rings, and by means of three bushes, 
inserting resistance temporarily in each circuit. The best resist- 
ance to insert is that which makes the total resistance per rotor 
circuit equal to the reactance per circuit. 

The reactance, however, causes the rotor currents to lag behind 
the E.M.F.s producing them. The lagging components of these 
currents will tend to demagnetize the stator, and a smaller torque 
results. 

The insertion of the resistance cuts down the rotor currents, 
and brings them more and more nearly into phase with the E.M.F.s 
induced in the rotor. Wattless current, in either the stator or 
rotor, are useless; and when occurring in the rotor, are not only 
useless, but, by their demagnetizing action.on the stator, diminish 
the torque. ‘The author has devised a means of cutting down the 
wattless rotor currents without interfering with the energy current, 
by the insertion of E.M.F.s in the rotor circuits, leading a right- 
angle before the induced E.M.F.s. There is, however, difficulty 
in obtaining these counter E.M.F.s in exactly the correct phase. 

The one defect of the method of inserting non-inductive resist- 
ances in the rotor circuits is that the energy current is cut down 
simultaneously with the wattless currents. A better result is 
obtained in polyphase induction motors by connecting the secondary 
circuits of suitable transformers between the several pairs of brushes 
of the rotor, the primaries being placed in series with the stator 
windings. Another method consists in inserting the primaries 
of a tri-phase transformer in the rotor circuits, while the three 
secondary circuits of the transformer are short-circuited. In each 
case the rotor is short-circuited on itself when full speed is attained. 

Another method employed for producing a high-starting torque 
in induction motors is as follows: Instead of using non-inductive 
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resistances in the rotor circuits, a parallel arrangement of a high 
non-inductive resistance and a low resistance with high inductance 
is placed in each rotor circuit. No switch is used, as the starting 
device is always kept in the rotor circuits. 

The impedance of a parallel arrangement consisting of a non- 
inductive resistance ,, and a coil whose resistance is As, and 
self-induction Z, is easily shown to be— 


Ry Re? + pl? 


/ (Ri + fe)? + pL 


where p = 27 times the frequency. 
This impedance approaches the value #; when p is large, and 


the value es when p is small. 


Now, at the start the rotor currents have the full frequency of 
the stator currents, so that the external rotor impedance is approxi-. 
mately #,; but when full speed is attained, their frequency is but 
a small fraction (about 5 per cent.) of that of the stator currents, 
so that the external rotor impedance now approaches the value 

Lis 
Ry + Re 
makes no perceptible difference in the efficiency when working. 
The results produced by this starting device are said to be 
excellent. 


which is so small that its inclusion in the rotor circuits 


STARTING-TORQUE OF INDUCTION. Morors IN GENERAL. 


111. From the foregoing it is seen that the only difference 
between monophase and polyphase induction motors is that in the 
former the stator is wound with two circuits, one of which is cut 
out when speed is attained; whereas in the latter all the stator 
circuits are always in use. 

Any means of improving the starting-torque of a monophase 
motor beyond this phase- splitting arrangement in the stator 
windings is equally applicable to polyphase motors. Equation (15) 
shows that to produce a good starting-torque in any induction 
motor the rotor resistance and reactance should both be low, and 
as nearly equal as possible. Any device by means of which this 
is effected is equally applicable to monophase and polyphase 
induction motors. Thus any improvement in the rotors, or rotor 
windings, can be applied to all types of induction motors. 
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STRUCTURE OF INDUCTION MOTORS. 


112. The stators of all induction motors are built of soft-iron 
stampings varying from 12 to 20 mils. in thickness. The running 
coils of monophase induction motors are wound in half-closed 
slots, which are placed close to the inside periphery, as shown in 
Fig. 64, while the starting coils are wound in completely closed 
slots. The stator stampings are built up inside a cast-iron case, 


Fig. 64. 


to which end shields are bolted. The slots are insulated with 
micanite or other insulating material. In monophase motors there 
are two distinct windings, one being the running winding—always 
in circuit,—the other, the starting winding, in circuit only at start- 
ing, and whose function is to provide a cross-magnetization, the 
action of which on the rotor currents produces the starting-torque. 

In di- -phase motors there are two similar distinct windings, both 
of which remain always in circuit. 

In tri-phase motors there are three similar distinct windings, 
which always remain in circuit. 

Rotors.—tThe rotors consist of a slotted and laminated core, 
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the stampings of which need not be so thin as those of the stator, 
since the frequency of the flux is there much smaller than in the 
stator. A rotor stamping is depicted in Fig. 65. The rotor wind- 
ing sometimes consist simply of bars of copper, short-circuited at 


each end by heavy copper rings. This is called a “Ssquirrel- 
eage” winding. When a squirrel-cage winding is not used, a 
tri-phase star winding is almost universally employed, in which 
ease three ends are jointed together, while the remaining three are 


Fie. 66.—The several parts of a Heyland monophase induction motor. 


connected to three collector-rings mounted on the shaft. Three 
brushes rub on these rings, and are held by holders connected to 
the end shields of the case. 

Fig. 66 shows the several parts of a Heyland monophase induc- 
tion motor, manufactured by Messrs. Witting Bros., London. 
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Fig. 67 shows a starting resistance and switch, for use with a 
tri-phase star-wound rotor. 


Fig. 68 shows a rotor of a British Thomson-Houston polyphase 
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Fic. 68.—Rotor with starting resistance. 


induction motor, with a starting resistance inside the spider, and 
so arranged that it is automatically cut out when speed is got up. 


PERFORMANCES OF INDUCTION Motors. 


113. The following table gives the results of tests made with 
monophase motors of the Heyland type :— 


Brake horse-power. . . . . $ 1 3 5 10 20: 80 40 650 
Fall- | at 40 cycles per second 1050 1080 1080 1100 750 760 760 575 575 
load > ,, 50 ‘ a 1310 1350 1350 1380 940 950 950 710 710 
speed), 60, = 1580 1620 1620 1660 1130 1140 1140 860 860 
Number of poles ..... 4 4 + 4 6 6 6 8 8 
Full-load efficiency per cent. . 65 70 75 80 82 85 87 89 90 
Full-load power factor . . . 0°65 0°70 0°73 0°75 0°80 0°82 0°83 0°85 0°85 
Full-load current in amperes at 

100 volts . 2... ww tl WM HB SE OS 2S oh eee 
Approximate weight in lbs. . 145 154 308 440 660 1100 2000 2640 3500 


Fig. 69 gives the curves showing the results of a test of 
a 5 B.H.P. Heyland monophase motor; Fig. 70 gives similar 
curves for a tri-phase motor manufactured by Messrs. Witting 
Bros.; while Fig. 71 gives curves relating to a 1°5 B.H.P. mono- 


phase motor of the Fuller-Wenstrém Electrical Manufacturing 
Company. ) | 


TESTS OF INDUCTION MOTORS. 167 


From these details we see that induction motors compare 
favourably with the best shunt-wound direct-current motors, 
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Fig. 69.—Characteristic curve of a brake test for a 5 B.H.P. single-phase motor. 
100 cycles. 200 volts. 2000 revs. per min. 


both as regards efficiency and constancy of speed under variable 
loads. ? 
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Fic. 70.—Brake test of a 10 B.H.P. three-phase motor. 190 volts. 50 cycles. 
1000 revs. per min. 


The chief objection to such motors is that no easy means has 
been devised for varying their speed. It is possible, as has already 
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been done, to halve the speed by doubling the number of stator- 
poles, or, generally, to reduce the speed by increasing the number 
of stator-poles; but such variation is not continuous, and involves 
complicated windings. The only way of producing a continuous 
variation of speed is by supplying the motor with current at a 
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varying frequency, for which purpose a fpequeney trans- 
former is required. As, however, no frequency transformer of 
wide range has hitherto been constructed, a satisfactory solution of 
the variation of speed of induction motors has not been arrived at. 
The method of changing the speed by altering the P.D. applied 
between the terminals of the stator windings is not satisfactory. 
The P.D. is varied by means of variable resistances, placed in 
series with the stator windings, entailing a serious waste of energy. 
An additional objection is that the motor cannot give its full 
rated output for any length of time when the P.D. is lowered, on 
account of the heavy currents it requires to do so. 3 

114. The noticeable feature of induction motors is their 
simplicity of structure combined with great mechanical strength. 
The absence of commutators is an immense advantage, since there 
is no sparking limit to the output as in direct-current motors ; 
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the consequence is that the output per unit weight is much greater 
in an induction motor than in a direct current machine. It is not 
difficult to construct induction motors of a moderate size, which 
only weigh 60 or 70 lbs. per horse-power, and this without any 
sacrifice of efficiency. 

Unless considerably overloaded, an induction motor will run 
quite cool compared with direct-current mctors of the same weight 
and output. This is due to the large section which can be given 
to the conductors and to the fact that the winding is so arranged 
that the copper losses are not localized, whilst the laminated 
character of the iron facilitates ventilation. 

Although polyphase induction motors are termed non-= 
Ssynehronous, it should be borne in mind that there is always 
a tendency towards synchronism. The speed of an induction 
motor is, in fact, almost independent of the load; the variation in 
speed from no-load to full-load seldom exceeds 5 per cent. 

It is usual to make large machines multipolar in order to 
reduce the peripheral velocity of the rotor. Small machines can 
safely run at 2000 revolutions or more per minute, and so can be 
made bi-polar. The angular velocity of the rotor, for a given 
frequency in the stator currents, varies inversely as the number 
of poles, so that large machines are necessarily of the multipolar 
type. 

115. Before concluding this chapter, we draw the attention 
of the reader to a few points which have to be carefully noted in 
the design of monophase induction motors. 

There are two distinct stator-windings ; one—the running coil 
—must be such as to provide a counter E.M.F. nearly equal to 
the applied P.D. and capable of carrying the full-load current 
continuously ; the other—the starting-coil—which must likewise 
provide a counter E.M.F. nearly equal to the applied P.D., but 
Since it is only in circuit for a very short time, it may run at a 
much higher current density than the running-coil. 

Let us examine closely the conditions which the two coils 
have to satisfy. 

When running on load, the power-factor of the motor must be 
as high as possible. The running-coil, therefore, must be wound 
so as to have as small an equivalent self-induction as possible; 
that is to say, the mutual induction between the running coil and 
the rotor-windings should be as large as possible. The wattless 
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currents in the stator-windings are solely due to the leakage field, 
or those magnetic lines which cut the stator coils alone. The 
running-coil should, therefore, be wound as near to the inside edge 
of the stator core as possible, and the opening in the slots in which 
it is wound should be greater than the air-gap between stator and 
rotor. Further, the winding should be such as to give a fairly 
high induction density in the iron, otherwise the demagnetizing 
action of the rotor currents will, at start, have too great an effect, 
a feeble starting-torque resulting. 

The starting-coil, on the contrary, should be wound in closed 
slots, since in this case a large equivalent self-induction is neces- 
sary to give the required difference of phase between the currents 
in the two stator-windings. Since it is only in circuit for a short 
time, this coil can have fewer turns than the running-coil, and 
carry a heavier current. 


CHAPTER XV. 


Polyphase Transformers—Phase Transformers and Rotary Converters. 


POLYPHASE TRANSFORMERS. 


116. We have seen that monophase transformers are used for the 
purpose of transforming alternating electromotive forces from high 
to low values, or vice versa. 

Polyphase transformers may likewise be used for simply trans- 
forming the values of the E.M.F.s, or they may be also arranged 
so as to transform the number of phases of the E.M.F.s. 

There is little to be said in the case of polyphase transformers 
used simply for transforming E.M.F's, since the same laws relating 
to ratio of turns hold good here as in monophase transformers ; 
that is, the ratio between the primary and secondary E.M.F.s is 
approximately the same as that between the number of primary 
and secondary turns. 

We might, of course, in the case of tri-phase currents, employ 
three single-phase transformers, viz. one in each of the three 
circuits; but just as it is unnecessary to have three separate 
circuits with six line-wires for trdénsmission, so is it equally unneces- 
sary to use three separate transformers. All that is necessary is 
to have three limbs magnetically short-circuited by common yokes, 
as shown diagrammatically in Fig. 72,in which P;, Ps, P3 represent 
the primary coils, and Sj, Ss, S3; the secondaries. The phase 
relationships between the magnetic fluxes in the three cores will 
be similar to the phase relationships between the three primary 
currents. 

In the case of di-phase transformers, three cores are again all 
that is necessary, provided the section of the core wound with the 
coil which is connected to the common line-wire is \/2 times the 
cross-sections of either of the other two, in order that the induction 
in all three cores may be the same. 
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Having due regard to these details, the design of a polyphase 
transformer differs in no respect from that of a monophase 
transformer. 
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PHASE TRANSFORMERS. 


117. Phase transformers are used for the purpose of changing 
alternating current of any number of phases to alternating current 
of a different number of phases. 

The problem of producing such phase transformations was first 
solved by Professor 8. P. Thompson in the following manner :-— 

A ring transformer having a number of coils in closed series 
was tapped at three equidistant points, and fed thereat by tri-phase 
currents, with the result that a rotating magnetic field was pro- 
duced. On further tapping at the extremities of any diameter, 
single-phase current could be taken from it; or by tapping at four 
equidistant points, di-phase currents are obtained. In fact, by 
making a suitable number of tappings, currents of any number of 
phases could be obtained. : 

Such a phase transformer is really an auto-transformer of 
special type, the correct phase relationships of the secondary 
currents being dependent upon the production of a magnetic field 
rotating with uniform angular velocity. It cannot, therefore, be 
used for transforming monophase currents to polyphase. 

In the case in which the primary current is tri-phase, the 
ratio between the primary and secondary E.M.F.s is approximately 
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proportional to the ratio of one-third of the whole number of turns 
to the number of turns between the tappings corresponding to one 
phase of the secondary. 

A method of transforming from di-phase to tri-phase currents 
was subsequently given by Mr. C. F. Scott, of the Westinghouse 
Company, by the use of two specially wound transformers, as 
depicted in Fig. 73. 


‘ 


A 


; bs ms 
¢ B a 
a, 


q 


Fig. 73. 


The primaries of the transformers are connected to the terminals 
of a di-phase generator. In the transformers used by Mr. Scott, 
one secondary CB was made equal to 100 turns, and was tapped 
at its middle point, giving 50 turns on each side. The other 
secondary had 87 turns (= 50/3). One end of it was connected 
with the middle point of the secondary of the first transformer, 
and the three free terminals then A, B, C, gave tri-phase E.M.F.s. 

The methods given above do not include the most important 
case from a practical point of view, viz. that of transforming mono- 
phase currents to di-phase or tri-phase. Although methods of 
achieving this have been theoretically propounded, they do not 
seem to have been realized in practice by any stationary trans- 
former. 


ROTARY CONVERTERS. 


118. A rotary converter is a machine with but one armature 
winding, which transforms alternating currents of any number of 
phases into continuous current, or vice versa. 

This definition excludes such combinations as alternating- 
current motors coupled to direct-current generators, which are 
called Motor Generators. 
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A rotary converter has less heating and higher efficiency than 
a motor generator of the same output, one reason for this being 
that in the converter no mechanical transfer of energy takes place, 
since the torque required for the generation of the continuous 
currents and that produced by the alternating current both act on 
the same armature. In the motor generator, on the other hand, 
power is transmitted mechanically from the motor to the 
generator. 

A rotary converter is thus a machine with a commutator on 
one side of the armature, and two, three, or four collector rings on 
the other side, according as it is intended for mono-phase, tri- 
phase, or quarter-phase currents. The field magnets are generally 
excited by a shunt or compound winding on the direct-current 
side. When the machine is running synchronously with the 
supply current, the counter-electromotive force in the armature 
will approximately balance the applied alternating P.D., although 
they may differ in phase. The E.M.F. developed on the direct- 
current side will have a steady value equal to the maximum value 
of the counter E.M.F., and will therefore approximately equal the 
maximum value of the applied P.D. 

119. To find the ratio of the E.M.F.s and currents on the two 
sides of a rotary, we will follow the method employed by Mr. C. P. 
Steinmetz.! 

Let Fig. 74 represent diagrammatically the commutator of a 
direct-current machine, with the armature coils shown connected 
“to adjacent commutator bars. The brushes are represented by By 
and Ba, and the field magnets by /;, Fy; a and az are two opposite 
points of the eommutator, and are connected to two collector-rings, 
D, and Daz. 

It is obvious that between the collector-rings there is an alter- 
nating E.M.F. e, whose maximum value is equal to the continuous 
E.M.F. #, and which makes p periods per revolution of the arma- 
ture, where 2p is the number of poles. In the diagram p is 
unity. 

Hence we have— 

e = EF sin 2rnt 


where » is the frequency, and / the E.M.F. between the brushes 
on the commutator, 


1 «The Converter,” by C. P. Steinmetz, Electrical World, vol. xxxii. pp. 650-652 
(1898), . 
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The R.M.S. value of ¢ is, therefore, given by— 
E 
fh 755 (1) 
That iss in a mono-phase rotary converter, the 
E.M.F. on the direct current side is \/2 times 
the R.M.S. value of the applied P.D. on the alter- 
nating-current side. 


Again, neglecting losses and difference of phase between the 


applied P.D. and ‘the current, the input is equal to the output, so 
that if J is the current taken from the commutator, and J, the 
R.M.S. value of the supply current, we have— 


EI = Kl, 
EK 
i= —-f, by (1 
therefore— a 
ti = / 21 . . . . . . . = . (2) 


That is, the R.M.S. value of the alternating cur- 
rent is equal to \/2 times the direct current. 


m-PHASE CONVERTER. 


120. Suppose now that n equidistant points round the com- 
mutator are connected to n collector-rings. 
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In order to make our calculation clear and intelligible, con- 
sider the case in which the armature is star-wound as in Fig. 75, 
and let a, a2 be two diametrically opposite coils, connected at J, S, 
to two diametrically opposite commutator segments. 

It is obvious that if # is the voltage between the commutator 

- brushes, then # is equal to the maxi- 

mum value of the sum of the alter- 
nating E.M.F.s generated in a and 
a conjointly; that is, is twice the 
maximum value of the alternating 
E.M.F. in a, alone. It is also 
obvious that if all the coils are 
electrically connected at O, the result 
will be the same as if they were not 
connected there. O is called the 
neutral point. 
S We thus see that the maximum 
value of the E.M.F. generated be- 
tween the free end of the coil a 
(Fig. 75) and the neutral point is half the E.M.F. between the 
commutator brushes. 


Also the BMS, value of the EMF, is 5 tinea the mace 


value ; therefore if Z, is the R.M.S. value of the E.M.F. generated — 
between the free end of the coil a and the neutral point, we 
have— 
E 
E —>5 -—= * OF oe rs oa a 


Now revert to the mesh-winding shown in Fig. 76, and let a, ae, ag 
be successive tappings connected to adjacent collector-rings, and 
let the vectors OF;, OF, etc. (Fig. 77), represent the R.M.S. values 
of the E.M.F.s between a, ae, etc., and the (in this case fictitious) 
neutral point; then the vector £, #2 represents the E.M.F. be- 
tween two adjacent collector-rings. But the angle 4,02, = 


therefore-— 
EB, Fy = 2. OF, sin 


oe MB ee ea ee 
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Again, if J is the direct current, and J, the R.MS, value of the 
alternating-current per phase, we have— — 


LE=n., Eyl, 
nH 
— 2/2 ° I; 
42 
€ 
AZ 
Es 
47) 
Fic. 76. Fic. 77. 
therefore— Si 
2/21 
qT; a my ° ° ° > . > e (5) 


Also the current J between two adjacent lines is given by— 


IE= A sin 3 
therefore— ;: 
2 
jek (6) 
Pea: 4 
nm sin — 
n 


121. Applying this to the cases in which the armature is 
tapped at three and four equidistant points and connected to three 
and four collector-rings respectively, we get, taking continuous 
voltage and current as unity— 


1st. Tri-phase converter— 


Volts between collector-ring and neutral point = <a = 0°354 
Volts between adjacent collector-rings = Se sin 60° = we 4 = 0°612 
V2 2/2 


+ N 
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ee 
Amperes per line = ae = 0'°943 
nie RG S| 2/9" 2 
Amperes between adjacent lines = 3 sin 60° — 3,73 = 0:545 
2nd. Quarter-phase converter— 

Volts between collector-ring and neutral point = A = 0:354 

Volts between adjacent collector-rings = 5 sin 45° = 4 =0°5 
Amperes per line = ave = 0°707 

Amperes between adjacent lines = ies es = 0°5 

| 4 sin 45° 


We can, for reference, tabulate the results thus obtained as 
follows, R.M.S. values being given throughout :— 


mares) age | Dee | ee 
Volts between collector-ring 
and neutral point . . -- 0354 | 0354 | 0354 | 0354 
Volts between serge collec- 
tor-rings ... ] 0°707 0612 0°5 —- 
Amperes perline . ... . 1 1414 | 0943 | 0°707 — 
Amperes between adjacent lines 1 1414 | 0545 | 05 — 


The ratios found above between the E.M.F.s on the direct and 
alternating-current sides of a rotary converter are calculated on the 
assumption that the induced alternating E.M.F. follows the sine 
law. This is approximately the case, since the armature of a 
converter contains a distributed winding. 

The ratio between the P.D.s between the commutator-brushes 
and the collector-rings respectively will, as a rule, not quite agree 
with the values given above, since there is a drop of volts in the 
converter armature ; and also from the result of armature reaction 
when the alternating current is not in phase with the P.D. between 
the collector-rings. 
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HATING OF ARMATURE OF RorarRy CONVERTERS. | 


122. The current flowing in the armature conductors of a 
rotary converter is the difference between the currents on the 
alternating and direct current sides. 

Mr. C. P. Steinmetz has shown in the paper referred to above 
that the ratio of the total energy lost in the armature of an n-phase 
converter with unit power-factor to that lost in the same machine 
as a direct-current generator at the same output is— 


8 16 
Pie eo 


Fs T 
nm? sin? — 
n 


On giving numerical values to n, we see that, taking the heat- 
ing of the direct-current armature as unity, that of the machines 
used as a converter is: (1) single phase, 1°37; (2) three phase, 
0555; (3) four phase, 0°37. 

When, however, the power factor is not unity, but equals cos ¢, 
the ratio of the total energy lost in the armature of an n-phase 
converter to that lost in the armature when running as a direct- 
current generator at the same output is— 


8/1 tan? 16 


+ ee Te 
n? sin? — 
n 


The proof of these formule is given in the Appendix. 

We see, therefore, that, excepting the case of the single-phase 
converter, a greater output can be obtained from a converter than 
from a generator of the same size for the same permissible rise of . 
temperature. 


PROBLEMS ON CHAPTER XY. 


1. What is the amount of energy wasted per second in the armature of a 
tri-phase rotary converter, the power factor being unity, whose armature resist- 
ance is 0°01 ohm, and which gives 100 amperes on the direct-current side ? 

Answer. 56°4 x 107 ergs per second. 

2. What is. the energy lost per second in the converter in Question 1, if the 


power factor is eg and what if the power factor is 3 ? 
Answers. (1) 95°9 x 10’ ergs per second; (2) 412 x 10° ergs per second. 


* 
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3. The ratio of the watts lost in the armature of an n-phase rotary converter 
with power factor unity to the watts lost in it when running as a direct-current 
machine, is— 

8 


° Tv 
n? sin? — 
n 


16 
+1- 


For what value of n is this a minimum ? 
Answer. n= ©,0rn = = + mr 


where m is any positive integer. 


CHAPTER XVI. 


Different Systems of Transmission of Energy—Comparison of Costs of 
Transmission Lines with Different Systems. 


TRANSMISSION OF ENERGY. 


123. In the transmission of electrical energy over long distances, 
it is of importance to consider the cost of the line, which, unless 
due precaution is taken, may be such as to make the outlay pro- 
hibitive. 

If energy is transmitted by continuous currents at F volts, we 


have— 
Wee of ed eee 


where W is the power in watts transmitted, and J the current in 
amperes. 

It is seen, therefore, that the higher the voltage, the less the 
current for a given power transmitted. Thus, to economically 
transmit power over long distances with a reasonable efficiency 
demands that the voltage of transmission should be as high as 
possible consistent with other controlling conditions, the chief of 
which is the quality of the insulation attainable. 

124. To further illustrate the case, suppose that it is desired 
to transmit W kilowatts over a distance x centimetres with an 
efficiency of transmission n. Let us compare the cost of the trans- 
mission lines according as the transmission is effected (1) by con- 
tinuous currents, (2) by mono-phase alternating currents, (3) by 
di-phase currents with four wires, (4) by di-phase currents with 
three wires, one being a common return, (5) by tri-phase currents 
mesh-grouping, and (6) by tri-phase currents star-grouping. : 

Since the efficiency is n, if we let # be the voltage at the 
generating end of the line, that at the receiving end will be J, 
and the watts lost in the line will be— 


ere re es 
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where J is the current in amperes, given by— 
EI = W 
in the case of continuous currents, or mono-phase currents with 
power-factor unity. 
Let R be the total resistance of the line; then for two line- 
wires only— 
2px 
ieee § 


where A is the cross-section of the line conductor, and p the 
specific resistance. 


Also, the volume V of the conductor, which we will take to be 
proportional to the cost, is given by— 


V =2Azx 
therefore— 


We therefore have— 


(1 — n)E=RI 


that is— 


— (1 — »)E? . . . . & . (3) 


This shows that the volume of copper in the line-wires for con- 
tinuous currents, or mono-phase currents with power-factor unity 
for a given power to be transmitted over a given distance at a 
given efficiency, is inversely proportional to the square of the 
voltage of transmission. Thus the volume of copper required for 
continuous currents and for mono-phase currents is the same. 

125. In the case of di-phase currents with four wires, it is 
obvious that the current in each wire is one-half that of the 
current in a mono-phase system with the same voltage for the 
sarne power transmitted, so that the total volume of copper is 
the same. 


When, however, di-phase currents with a common return are 
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used, and a voltage # between the common return and either of 
the other two wires, then the current in the common return is 
4/21, where J is the current in either of the other two wires; and, 
working at the same current density throughout, if the resistance 
of either outside conductor is &, that of the common return 


is oe The loss in the lines is therefore— 


R 
PR+ PR + 22Pr— 
_ a \/2 
arene assy ae) 
Also the total power transmitted is— 


21K 


If the same power is transmitted by a mono-phase system at 
the same voltage, with the same loss, the mono-phase current J’ 
is given by— 

I'E = 2TH 
or— 
Sead geek eae? 6 bot) 


If F#' is the resistance of each mono-phase line-wire, we must 
have— 
2RI? = R'I?(2 + /2) 
that is by (5)— 
SRI? = PR(2 + V2) 
or— 
SR 


Rast ) © 


. oe . 8 . ; 
Thus each outside wire is ~———— times as large as each 
2+/2 Ks 


8/2 
2+ /2 


Thus, taking the amount of copper in the mono-phase, or in the 
direct-current, system as unity, that required for the di-phase 
system with common return under the same conditions is— 


| 24+V2 2+V2 
8 8/2 


or, for the same power transmitted and loss in the line, di-phase 


mono-phase wire, and the common return times as large. 
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currents required 0°729 of the copper necessary in mono-phase 
current transmission. 
126. In the case of a tri-phase installation, mesh-wound, the 


current in each limb of the mesh is Be the current, J, in the line 


V/3 
(see § 104). The power absorbed in one limb is, therefore, ql 


where # is the voltage between the lines. The total power 
transmitted is, therefore, «/37Z#. Hence, if the same power is 
transmitted, as by a mono-phase system, the tri-phase current per 


line-wire is a where J is the mono-phase current. Now let & 


be the resistance of each of the mono-phase wires, and # that of 
each of the tri-phase wires ; then for the same loss— 


2 
IRE = 3 Bre A 4 ty 


that is— 

Ri =2R 
or each of the wires on the tri-phase system has one-half the cross- 
section of each wire on the mono-phase system. That is, the volume 
of copper required in the tri-phase system, mesh-wound, is 0°75 that 
required on the mono-phase system for the same voltage between 
the lines, the same power transmitted, and the same loss in the lines. 

Consider now a tri-phase system star-wound. 

In this case the voltage between any two line-wires is »/3 times 
the voltage in one limb of the star while the current in any line- 
wire is the same as that in the corresponding limb. 

If, therefore, H is the voltage between any two line-wires, the 
whole power transmitted is \/3HJ. Hence, as in the case of a 
mesh-wound system, the amount of copper required is 0°75 times 
that required in a mono-phase system with the same voltage, 
distance, efficiency, and power transmitted. 

127. We can tabulate these results as follows :— 


COMPARISON OF AMOUNTS OF COPPER REQUIRED FOR LINE-WIRES FOR TRANSMIS- 
SION OF SAME AMOUNT OF POWER, AT THE SAME LINE VOLTAGE OVER EQUAL 
DISTANCES, AT THE SAME EFFICIENCY. 


Continuous currents . 1 
Mono-phase currents. . eR CY te hee TP 1 
Di-phase currents with four wide < 5, circ CN ate 1 
Di-phase currents with three wires. . . . . . . . 0°729 
Tri-phase currents with mesh-grouping . ... . . OF 

Tri-phase currents with star-grouping 5S tence ee 
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128. The above table is deduced on the basis of transmitting 
equal amounts of power over equal distances at equal differences 
of potential between line-wires and at the same percentage line loss. 

If the voltages of transmission are so great that the question 
of insulation becomes of importance, the basis of comparison has 
to be altered, since now the limiting factor is the maximum 
voltage between any two line-wires. Under these conditions, a 
di-phase three-wire system would require 1°457 times the copper 
of a mono-phase system, since the potential difference between the 
two outside wires is \/2 times that between either outside 
wire and the common return. 


PROBLEMS ON CHAPTER XVI. 


1. A tri-phase generator is used to transmit 1000 kilowatts over a distance of 
50 miles at 10,000 volts. Calculate the weight of copper in the lines if 20 per 
cent. of the energy is lost in transmission. 

Answer. 133 tons, nearly, 

2. If the generator in Question 1 has an efficiency of 94 per cent. and feeds a 
transformer of 98 per cent. efficiency at the other end of the line, what is the 
efficiency of the system, and what is the output of the transformer? 

Answers. (1) 73°7 per cent.; (2) 784 kilowatts. 

3. What would be the weight of copper in Question 1 if it were mono- 
phase ? 

Answer. 177 tons, nearly. 


CHAPTER XVII. 


Measurement of Power—The Wattmeter — Three-voltmeter Method — Three- 
ammeter Method—A Dynamometer Method—Measurement of Power in 
Tri-phase Circuits. 


THE MEASUREMENT OF POWER IN ALTERNATING-CURRENT 
CIRCUITS. 


129. We have seen (§ 28) that the power given to an alter- 
nating-current circuit is ei cos @ where ¢ is the R.M.S. potential 
difference between its terminals, 7 the R.M.S. current passing 
through it, and @ the difference of phase between the current and 
potential difference. 

It is obvious, therefore, that the power cannot be measured by 
means of an ammeter and a voltmeter, since the product of their 
readings is only ei. 

130. The Wattmeter.—The instrument most generally 
used for the measurement of power is called a Wattmeter, and, 
as explained in Chap. V., consists generally of two coils of wire 
placed symmetrically with regard to each other, with their respec- 
tive planes at right angles to each other. One coil, usually the 
larger one, is wound with thick wire and is fixed in position, 
while the other coil, wound with thin wire, is suspended inside 
the thick wire coil, and is attached to a torsion head by means 
of a silk thread and a fine phosphor-bronze spiral. The thick coil 
is placed in series with the circuit, the power given to which is 
to be determined, and the thin coil is placed in parallel with the 
circuit. The thin coil should have a very high resistance so as. 
to take a negligibly small fraction of the current in the main 
circuit, and should have as small a self-induction as possible. 

When the wattmeter is in circuit the movable coil rotates 
through an angle depending upon the product of the field strengths 
due to the currents in the two coils. The thin coil is brought 
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_ back to its original position, with its plane normal to that of the 
thick coil, by means of the torsion head. The angle through 
which the torsion head has to be rotated is proportional to the 
couple necessary to balance the couple due to the mutual action 
of the two currents, hence— 


‘ Sie a eae & 3 


where 7, is the current in the thick coil and 7 that in the thin coil 
and ¢ is a constant. 
If the thin coil is non-inductive— 


1. SW a eee coe ates er eemeae: PY 


where 7 is its resistance, so that @ is proportional to ei, that is to 
the power given to the circuit. If, however, the thin coil is 
inductive, a correction has to be applied, since then the current 7 
is not in phase with the potential difference between its terminals, 
and is also less than it would be if it were non-inductive. 

We proceed to determine this correcting factor. 

131. Determination of the Correction Factor 
of a Wattmeter.—Let Z:, 7, i; be respectively the self- 
induction, resistance, and R.M.S. current of the circuit, the 
power given to which is to be measured, and let LZ, 7, i be 
respectively the self-induction resistance, and R.M.S. current 
of the thin coil of the wattmeter, also let p = 27n, where 1 is 
the frequency of the supply current, and ¢ the R.M.S. potential 
difference between the common terminals of the two circuits. 

Then using vector methods— 


‘ é 

1 7 + ply 
ak ("1 om kepIy)e 
rey r+ Ply? 


and— 
,— a ple 
act y2 + pi? 


Now, the true power given to the circuit is the scalar product 
of 2, and e, that is— 


2 
er, 
True power =—,——,-,. . -.. (3 
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Also, the power, as measured by the wattmeter, is the scalar 
product of 2, and 77, that is— 
Measured power = scalar product of— 
(7, — kpIy)e r(r — kpLe 
ret ple Pt pe 
eS, r(rr, + p*LLy)e* (4) 
~ OP + PL + PT) 


Therefore— 
ry(r? + pL) _ er, 
rrr + ePlh) r+ pL? 
= true power. 


Measured power x 


The correcting factor is therefore— 


n(n + pl*) 1+ 777? 
rrr, + pl) 14+ pT 


where 7’= ~ and 7) = a are the time constants of the two circuits 
l 
respectively. 


It is seen from this that if the thin coil of a wattmeter has 
any self-induction the correction factor depends upon the self- 
induction of both circuits, unless— 


1 + pr = 14+ p°7,T 


That is, the correcting factor will be unity, if— 


T(7T — T%)=0 
that is, if— 
T=0O 
or— 
T= T 


Since, however, 7; is usually unknown, though it can be 
determined, it is best to wind the thin coil of the wattmeter so 
that Z’is as small as possible. This is done by inserting in series 
with the thin coil a high non-inductive resistance. 


OTHER METHODS OF MEASURING POWER. 


132. Three-voltmeter Method.—Let, in Fig. 78, 
AB be an inductive circuit in series with a non-inductive 
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resistance BC. Let 1, ve, and v be the corresponding instantaneous 
value of the P.D. between the terminals of AB, BC, and AC 
respectively. Then we have— 


V=UYy+ Ve 
and squaring— 


Vo, = V3" + V9 + 22 


therefore— 


where 7 is the resistance of the circuit BC. 


A B Cc 


Fie. 78. 


2 
Now, — is the current flowing through AC, therefore the power 


given to AB is— 
T ‘ T 
| nat = al ACs — vy" — v2)dt 
2 
— AE = V? a Ve) 


where V, Vi, Vz are the R.M.S. value of v, 1, and v2 respectively, 
and 7’ is the periodic time of the currents. 

Therefore, the power given to an inductive circuit, 4B, can be 
measured by placing a non-inductive resistance, 7, in series with it, 
and applying the above formula, which necessitates taking simul- 
taneous readings of three voltmeters. It can be shown that, for 
the greatest accuracy, it is advisable to make V; equal to V2, 

1338. Three-ammeter Method.—Let BC (Fig. 79) be 
the inductive circuit, the power given to which is to be measured. 
Let 7 be a non-inductive resistance in parallel with BC. 

Let 4, As, As be three ammeters arranged as shown, and 
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giving simultaneous readings 4, Jo, Zz, and let 1, %2, 73 be corre- 
sponding instantaneous values. 


Then— 
=at%s 
therefore— 
Oy? = 1g? + tg? + istg 
therefore— 


ea : ee é 3 
Tiglg = ar _- ta" _ 13”) 


But vi. is the instantaneous P.D. between £& and C;, therefore 
the power given to BC is— 


F 
em Tigigll 
/ 0 


where Z'is the periodic time of the currents. That is, the power 
given to BC is— 


art is TAfas¢ 
Vi | a — if — i;*)dt 


= (1 — 1? - 13) : 

Unlike the three-voltmeter method, this method requires extra 
current, but not additional voltage, and is, therefore, sometimes the 
more convenient method of the two. 

134. A Dynamometer Method.—An electrodynamo- . 
meter is similar in construction to the wattmeter, except that the 
two coils are constructed of wire of the same thickness, and are 
usually connected in series, so that the same current flows through 
both, in which case the dynamometer reading multiplied by a con- 
stant gives the mean square value of the current. 
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The two coils of the dynamometer can, however, be separated, 
and two independent currents be sent through them. The reading 
is then proportional to— 

Ty Tz cos 0 


where J;, Jo are the R.M.S. values of the currents, and @ the phase- 
difference between them. When used in this way, it is called 
a split, or divided coil, dynamometer. 

Let, in Fig. 80, BC be the inductive circuit, the power given to 


B 
ay tz 
D; 
Z 4 | Cc 
2 
Fic. 80. 


which is to be measured. Let r be a non-inductive resistance, D; 
a dynamometer, D2 a split dynamometer. 

Let 2, %1, and % be the corresponding instantaneous currents in 
the main circuit, the resistance 7, and the circuit BC respectively, 
then— 

1 = 1 — ty 
therefore— 
Tile = Tite = Tig? 


But 7, 71, 72 1s the instantaneous power given to BC, therefore the 
power, W, given to BC is— 
Bie Mee ak ae 
| W = p| rival = py ,iviadt _ 7), dt 
= rDs — rD,; = 7(De = D;) 


where 7’ is the periodic time of the currents, and D;, Ds the 
readings of the two dynamometers, 
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THE MEASUREMENT OF POWER IN TRI-PHASE CIRCUITS. 


135. The following theory, due to Mr. A. Russell,* gives 
methods of measuring power in tri-phase circuits :— 

The Measurement of Power in Three-phase 
Circuits.—Suppose that there is both a mesh and a star wind- 
ing as in Fig. 81. Let a, ae, and a; 1%, %, and 43; %,, 7, and 7, be 
the instantaneous values of the currents in the mains, in the 
mesh winding and in the star winding respectively. 

Then— 

a= 13 — 19 = ¢. 
ig = — Ig +1, 
ag = 1g —- 4 + 1, 
a4 +a +a =4, +4,+7,=0 
Let w be the instantaneous value of the watts, then— 


W = V.gtg + Vagh1 + Vg.1t2 + Vit, + Vet, + Vgt, 


Now— 
3.1 = — U.2 — V2.3 
and— 
a es 
also— 


Vy — V2 = V1.8. 
Uv V1.2( 03 _ do + i) + V3.9{ t2 = 14 a. 1, V, (1) 
By symmetry— | 


= V.201 + V3.2 
= V2.3M2 ae coe ee ae game ee oll ai ecm tre A (2) 
= 03.103 + V2.102 
Similarly— 
W = U0, + Veg + Ugg. . . . . « ss GB) 


The formule (2) and (3) give the ordinary methods of measuring 
power in three-phase circuits. | 

The first method is to use two wattmeters. The ampere coil 
of one of them is put in the main @, and the volt-coil is connected 
across 1 and 2. The ampere coil of the other is put in the main 

* “The Elements of Three-phase Theory,” by A. Russell, M A., Electrician, 
vol. xlvii. pp. 639-643, August 16, 1901. The author wishes to express his 
indebtedness to Mr. A. Russell and The Electrician Printing and Publishing 


Company, Limited, for kind permission to reproduce the text and diagrams of 
§ 135, and also for the loan of the blocks. 
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Os, and the volt coil is connected across 3 and 2. Suppose that w: 
is the reading on one meter and that w2 is the reading on the 


Fig. 81. 


other, and suppose that w, is greater than w 2 Then the watts 
given to the circuit are w; + we. If the phase difference between 
dz and V3.2 is less than 90°, we is positive, but if greater than 90° 
Wis negative. It is easy to find out experimentally whether w2 
is positive or negative. 

The second method is to use three wattmeters, their ampere 
coils being put in the main circuits and their volt coils across 0 
and 1, 0 and 2, and 0 and 3 respectively. 

These methods also apply when the windings are as in Fig. 82, 
where 1, 2, and 3 are the terminals for the mains. 

Let ¢, ¢, and ég denote the P.D.s between 1 and Z, 2 and J, 
and 3 and N respectively. - 


Then— 
W = Cy + Colla + 630g + Uy + Vy 
= (1 — C2 + Uy)a1 + (63 — C2 + Vym)as 
= 11.901 + Vz3.003 aS before. 
Similarly— 


W = C10 + Colla + 30g + Vio + Vycda + Vyots 
= Vj + V2lg + Ughlg 


It is to be noted that if all the mains are equally loaded, one 
meter is sufficient. If the volt coil be connected across two of the 
) 
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mains we multiply the reading by 2. If it be connected from one 
main to the centre of the system then the multiplying factor is 3. 

An important case is when the volt coil of the meter forms 
one of the arms of a star-box. If the three arms are of equal 


Fic. 82. 


resistance, the multiplying factor is 3. If, however, as is often 
the case in practice, the resistance of the volt coil be different from 
that of the other two arms, then it is known that the multiplying 


factor is 2+ Pp where R is the resistance of the volt coil and r 


that of either of the other arms of the box. 


A 


Fia, 83. 
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This formula can be easily proved as follows: Let ABC 
(Fig. 83) be the voltage triangle. Then if O be the centre of 


gravity of masses f and : placed at A, B, and C respec- 


1 
Rr 
tively, 0A, OB, and OC will be the three P.D.s to the centre of 
the star-box. 


Also by II. (5)— 
1 CA® AB* 1 BC? 
2 
ee). (— += +2) - =S 


10d(a+ tf n3. A= 9.08 


where G is the centre of gravity of the triangle ABC ; 

| GA 

A Ss 

Now, if the arms had been equal GA would be the P.D. across 


PP 


the volt-coil. Hence the required multiplying factor is ped and 


this we have shown equals 2 + a 


MISCELLANEOUS EXAMPLES. 


1. If a coil of resistance r and self-induction Z is subjected to an alternating 
P.D. e of varying frequency, and if n,, m2, and 7,, 7,, are corresponding values of 
frequency and current, show that 


/ noi a ",*t,7 


é 


e i= — 1 
(2) baste a/ es 
2nt,t, Ny" — Ny 


2. If an inductance coil is subjected to an alternating P.D. of varying fre- 
quency, and if 7;, T,, T;, and 7,, 7, 7, are corresponding values of periodic time 
and current, show that 


~ Ps 93 Bh —i2 i,? 
7 TT. 72> gig 4, 
3. An induction motor takes 75 amperes i full load when its power factor is 
0:83, what is (1) the energy current and (2) the wattless current ? 


Answers. Energy current = 62:25 amperes. 
Wattless current = 41°86 amperes. 


4, What is the capacity of a condenser which allows a current of 1 ampere 
to pass, when a P.D. of 1000 volts, having a frequency of 100 alternations per 
second, is applied between its terminals ? 

Answer. 1°59 microfarad. 


196 TREATISE ON ALTERNATING CURRENTS. 


5. If a non-inductive resistance 7, a resistanceless inductance Z, and a resist- 
anceless capacity C, are placed in parallel on a circuit of frequency n, what is 
(1) the equivalent resistance, (2) the equivalent reactance, (3) the impedance of 
the arrangement ? 


Answers. (1) Equivalent resistances = : a 
1 + (po ~ —) 
sa 
(2) Equivalent reactance = ; L on 
4+ (pe- zz) 
1 


(3) Impedance ... = 


where p = 2rn, n being the frequency. 
6. Find the current in each branch of the arrangement in Question 15, and 


also in the main circuit if pC = 7 and if n = 100, r= 10 ohms, De Gan 
henry, and if the applied P.D. is 50 volts. 


Answer, Current in non-inductive branch = 5 amperes. 
Current in inductive branch = 1:5915 amperes. 
Current in condenser branch = 1:5915 amperes. 
Current in main circuit = 5 amperes. 


7. An inductive resistance r,, whose self-induction is Z, is placed in series 
with a condenser of resistance r, and capacity C in a circuit of frequency n. 
Find the condition that the P.D. between the condenser terminals may be 
double of that between the terminals of the inductance. 


Answer. 4r2—-r?2 = pL? — PO 


where p = 2. 

8. A non-inductive resistance r,, an inductive resistance r,, whose self- 
induction is Z, and a condenser circuit whose resistance is'7,, and capacity C 
are connected (1) in series, and (2) in parallel. What is the power absorbed in 
the two cases when an alternating P.D. of e volts is applied between the ter- 
minals of the arrangements, the frequency being m periods per second ? 

Answers. (1) Power given to series arrangement— 


mi e(r, +12 +13) 
= 1 3» 


(2) Power given to parallel arrangement— 


where p = 2m. 
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9. A non-inductive resistance of 5 ohms is connected in parallel with a 
resistanceless inductance of 0-1 henry, and with a capacity of 20 microfarads. 
If the P.D. is 100 volts, what must be the frequency if the current in the main 
circuit is (1) 20 amperes and (2) 40 amperes ? 

Answers. (1) 112°5 periods per second. 

(2) 4°6 or 2761 periods per second. 

10. A non-inductive resistance of 10 ohms is placed in parallel with a resist- 
anceless inductance, the P.D. being 100 volts, and the frequency 50 periods per 
second. If the main current is 15 amperes, what is the value of the inductance ? 

Answer. °02847 henry. 

11. A non-inductive resistance of 5 ohms is placed in parallel with a con- 
denser, the P.D. being 100 volts, and the frequency 100 periods per second. If 
the main current is 21 amperes, what 7 is the value of the capacity ? 

Answer. 102 microfarads. 

12. An inductance coil, whose resistance is 5 ohms, and a condenser circuit, 
whose resistance is 10 ohms, are placed in series on a 50-frequency circuit: 
the P.D. between the terminals of the condenser circuit is found to be 10 times 
that between the terminals of the inductance coil. If the inductance is 0°01 henry, 
what is the value of the capacity ? 

Answer. 54°8 microfarads, nearly. 

13. A 4-pole polyphase induction motor running on a 50-frequency circuit, 
and at a maximum induction in the iron of 14,000 lines per square centimetre, 
has, when running on full load, a slip of 5 per cent. The dimensions of the 
stator are: internal diameter 10 inches, external diameter 16 inches, axial length 
8 inches, and those of the rotor diameter 934 inches, axial length 8 inches. 
Allowing 15 per cent. for the insulation of the stampings, compare (1) the 
hysteresis losses, (2) the eddy current losses, and (3) the total iron losses in the 
stator and rotor respectively. 

Answers. (1) 8:1, nearly; (2) 160: 1, nearly; (3) 116: 1, nearly. 

14. The resistance of a coil of an armature is 7°5 x 1075, and its self-in- 
duction is 0-000025 henry, and the current passing through it is 400 amperes. 
As it passes under the brush a reversing E.M.F. of 2°5 volts is applied to it. 
How long must the coil be short circuited before a reversal of current takes 
place % 

Answer. 0-008 second. 

15. If a steady P.D. is applied between the terminals of a circuit whose 
resistance is 5 ohms, and self-induction 0-005 henry, how long will it take for 
the current to reach 0°75 of its steady value ? 

Answer, 0°001395 second. . 

16. If four coils whose self-inductions are 01, 0-01, 0°05, and 0-001 henry 
respectively, and whose resistances are negligible, are connected in parallel, what 
is the self-induction of the combination ? 

Answer. 0°000885 henry, nearly. 

17. If the coils in question 18 have resistances of 10, 1:5, and 0:1 ohms re- 
spectively, what is (1) the equivalent resistance, (2) the equivalent self-induction, 
(3) the impedance of the parallel arrangement, the frequency teing 100 periods 
per second? Take x? = 10. 

Answers, (1) 0°011256 ohm; (2) 0:000795 henry; (3) 0°57 ohm nearly. 
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18. What capacity must be placed in (1) parallel, and (2) in series with 
the arrangement in question 17 to produce resonance ? 

Answers. (1) 3134 microfarads; (2) 3184 microfarads, 

19. Two circuits of 100 ohms and 0:1 henry self-induction, and 50 ohms and 
20 microfarads respectively, are connected (1) in series and (2) in parallel. 
Find the total currents, and also the difference of phase between the P.D. and 
current in the two cases, the P.D. being 1000 volts, and the frequency 50 periods 
per second. 

Answers. (1) 5°076 amperes, 40° 20’ lead. 

(2) 11:26 amperes, 14° 40’ lead. 

20. An induction motor takes 75 amperes on full load, when its power factor 
is 0°83: what is (1) the energy current, and (2) the wattless current ? 

Answers. Energy current = 62°25 amperes. 

Wattless current = 41°85 amperes. 

21. What capacity placed in para!lel with the induction motor in Question 20 
will make the power factor 0°9 on a 500-volt 50 frequency circuit ? 

Answer. 74:44 microfarads, nearly. 

22. What capacity placed in parallel with the induction motor in Question 21 
will make the power factor unity if the frequency is 100 cycles per second ? 

Answer. 133°2 microfarads, nearly. 
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APPENDIX A. 


Solution of the equation (see § 15, Chap. II.)— 


dt . 
Ls, oe T= é . . . . . . (1) 
where ¢ is constant. 


The equation may be written in the form— 
at ge 
RSE ees | 


Multiplying throughout by si, where ¢ is the base of the Naperian 
logarithms, we get— 


7 da 7. e% 
ae ee Ee 
or— 
d| | _ 6% 
ai vE a 
the integral of which is— 
Pacer Oo 2, eee Q) 


where C is a constant, whence— 


ph 
L 


(3) 


To determine the value of C, we must remember that 7 = 0 when 
t = 0, therefore from (3) 


i=l + Ce 


é 
Beatie ied . . ’ . . . . (4) 
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Substituting the value of C given by (4) in equation (3) we get— | 
i=<(1-2%) ie a 


which gives the value of ¢ at every instant of time. 


APPENDIX B. 


Solution of the equation (see § 21, Chap. ILI.)—. 
di : P 
Le + vt =e sin pt . se 


Writing the equation in the form— 


ea + zit! = = oe sin pt 


we get— 
id = Sf sin peat oO Ua 


To determine the integral in equation (2) we proceed as follows— 
Since— 


cos pt + k sin pt = ¢'”" 
where k = \/ — 1, we have— 


fé e-(cos pt + k sin pt)dt = Seteat 
= J pis y 


zt)’ +4 Cc 
te = kp 
where C is a constant— 
Y 
ef — kp rt 
ao e“(cos pt +k sin pt) + C 
ik + p° 
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Equating the imaginary parts, we get— 


rt 


le sin pidt = - sin pt — p cos ptt 4+ 0! 
Sa 
C" being a constant 
= 3 eee mi sin pt — pL cos pt; + C’ 
= Dat sin (pt -O)+C. . . (3) 
/ 72 + pL? | 
where— 
tan @ _ pL 
? 


Substituting this value of the integral in (2) we get, after dividing 


by &&— 


_sin (pt-O@)+Ce* . . « (4) 


= Tay pL 


As ¢ increases «~7 rapidly diminishes and tends towards the 
value zero, so that a steady periodic state is given by the 
equation— 


e sin (pt — 6) (5) 
= Jr + pL + pe ° . . . . . 


APPENDIX C. 


Solution of the equation (see § 24, Chap. IV.)— 


a4 ai 4 

Lattato 

The simplest method of solution here is to assume that 7 is of 
the form— 


= pee OF iss .. 


i= TJ sin (pt — 0) 
so that— 


oT Seis pu 
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Equation (1) can then be written— 


f = (3 ~ peL)i = pe sin (wi + 5) 


and the solution of this, giving the 
(Appendix B) equation (5)— 


. = 


steady periodic state, is by 


pe sin (wt +5 ~ 0) 


V{(o- oz) +o 


where— 
tan 0 = oe 
tae 
or— 
i cies = i Jaks 
/ {i+ wAG - = phy} 
where— 
tan » = tan ( - 5) 
pL + — 
mm C (3) 
> 
APPENDIX D. 


Determination of equivalent resistance, re- 
actance, and impedance of n mutually reactive 


eircuits in parallel. 


Writing Y,, for s,, the equations are (see § 47, Chap. VIIT.)— 


rh + kpMyi + kpMioie + kpMigig + . 
kp Mot, + Tole + kp Mot. + kpMozig + . . « 
kpMgit, + psi + T3lg + — ee 


kpM, iy + hop Mi ale 4 IepM, Pie 


. tho, =e 
+ kp Moin = ¢é 
+ kp Mat, — . (1) 


AID + kp Minin = @ ) 
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Multiplying equations (14) by #, and changing signs 


we get— 


(pMy, — kry)jir + pMieig + pMizgig + . . . 
pM + (pM — kr2)te + pMogig + . . . 


+ pMihy = — ke 


pMaih + pMs2I2 a. (pM33 - krg)tg +... aa pM>,i, = — ke 
pM rrr + pM, 22 + pMasis ne + (ol, - be) t, = — ke 
therefore— : 
Paes N 
tos 
where— 
N=,- ke, pM2, pMys, li a ee pM,,, 
— ke, pMo, — kre, pMo3, . . . pMp, 
— ke, pMs2, pMs3 — — ti Pals, 
- he, iil, pMs, oM,,, — kr, 
and— 
DD sxx ply — kr, pM, pMirs,... pm, 
pM, pMo ae kro, pMoz, se pmo, 
PM, pMs2, pMs3 — ies 4 ~ files, 
pM, pM, pM.,s, : sell, — kr,, 
Now— 
N= — ke 1, pM, pM,s, sae ig be gee eae pM, 
» pM — kre, pMoz, ee ce pMp,, 
1, pMg, sei _ ue es iy 
1 , pil, ple a kr, 
= — kel A’—k3r,A' +27... pve: 1)" Ley Bie 
where— 
A’ =| 1, pM, pls, . . . pa, 
1, pMo, pMaz, Or ae pMz,, 
1, pMgp, pMs33, vee pMs3,, 
1, pM,2, pM,3, . . » PMin 


and A’, is A’ with the sth row and column erased 


203 


throughout, 


- (2) 


(3) 


(+) 


Tr, 


(9) 


A',, is A’ with both sth and ¢th rows and columns erased, 


and so on 
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and %,, is the sum of all possible products two at a time, 


and so on. 
Put— 
SrA’ +k srrr A +t... = AL 
and— 
A'+FR3rrA',+4...=3B, 
so that— 
NV — eA, — By) 
Again— 
D=A- kA, + PBA, — 20. + (— 1m... 
where— 
A =| pMy, pM, pls, . . . pM, 
PpMa, pM, pM, . . . pM, 
pM, pM3p, pMs33, wal pM, ki tes (6) 
PM, PM2, pM,3, . . . pPMin 


A, is A with the sth row and column deleted, and so on. 


Put— 


A+RsSrra,+...=2z 
and— 
>A, + PirrrAwt. 1.1 = V 
therefore — 
D=X—-—kY 
Thus— 
: A, — kB “ 
jee. . e 
Note that A’ contains no term in 7. 
Let Ap, As, etc., 


Bs, Bs, etc., 


be the values corresponding to A;, B, when the 2nd, 3rd, ete., 
columns only of A are composed of 1’s. 


Then— 

C=UtHigtig+ ... +%, : 
__ (Ai + Ag+ Agt tes +A,)—k( Bi + Bo t+ By + nan + B,)} 
iy; A —kY 

Putting— 
A=4:\+4,+ 43+... +4, 


B= B+ Bet Bot... +B, 
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we get— 
_ (A — kB) 
~ A —kY 
e(A? +. B?) 


itd & VP + kX — YA) 
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(8) 


Therefore the equivalent resistance, R, and equivalent react- 


ance, S, are respectively given by— 


Pes) 


R XA+ YB 
ad A? + BB? 
gy AB-— VA 
— A? +- Be 
and the impedance, /, is— 
(XA + VB + (XB — YA) 
l= me (42 + By 
X? + Y? 
(A? + Bt 
APPENDIX E., 


DISTRIBUTED CAPACITY. 


When electrical energy is transmitted over long 


capacity of the cables has to be taken into account. 


act as an infinite number of condensers in parallel. 


Let V be the potential at any point P of the cable. 


I 


/ 


distances, the 
The cables 


V + dV be the potential at a neighbouring point Q. 


i be the current at P. 
4 + di be the current at Q. 


p be the resistance per unit length of the cable. 
C be the capacity per unit length of the cable d x be an 


Then— 
aV 
— —1 
pdx 
therefore— 
; dV 


element of length and d ¢ an element of time. 


(1) 
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Also— 
di .dt = — Cdz. dV 
therefore— 
dt AV 
Get Oa eis ee 
Differentiating (1) we get— 
| Py _ di 
dite Pda: 
by (2)— 
LV | 
= pC . . . ‘ : : . ‘ (3) 


In the case of an infinitely long cable with an applied P.D. e 
whose periodic time is 7’, the solution is— 


Vag?! eta i 
‘=e CVE sin R(t 9/0 a 5) 


where ¢ is the base of Naperian logarithms and « is the distance of 
P from the point of application of e. 

Thus at every point of the cable the current leads one-eighth 
of a period before the corresponding P.D. 

For further information on this point we refer the reader to 
“ Alternating Current Phenomena,” by Mr. C. P. Steinmetz, and 
to “ Alternating Currents of Electricity,” by Mr. T. H. Blakesley. 


APPENDIX F. 


CURRENT IN THE ARMATURE OF AN -PHASE ROTARY CONVERTER. 


The current in the armature is, for unit power factor (§ 122, 
Chap. XV.), the difference between the currents on the alternating 
and continuous current sides respectively. 

The alternating current in a section whose axis makes an 
angle @ with that of the mean section is given by— 


im Tanto = OS ee 
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where— 


as VA 1/2 nae aaeann 


” sin — 
v 17 


I being the value of the continuous current between each pair of 
brushes. 

The instantaneous current in the section of the armature is 
therefore given by— 


i= —T 
| geet an 
n sin = 
n 
which has a mean square value given by— 
W id T 
pend 2 
2 ) in us i pone 
| eu = pa{tsin? (pt - 8) _ 8sin(pt- 9) , a) y, 
n? sin? = nsin — 
0 117 nN 
Os oe ay 
n sin? = ansin™ 
n n 


This is a minimum when @ = 0, that is, in the section of the 
armature situated at the middle of each phase. It is a maximum 


for 0 = *- uf 
{2 


To obtain the mean square current over a complete phase, we 
have therefore to take the mean value of (4) between the limits 


d= , and @= — = and obtain the expression— 
n | 8 a 
2a pena eae 
- \wsin?— awn sin— 
ao n n 
ede. (5) 
n2 sin? = s 
n 


The ratio of the heating of the armature of an n-phase rotary 
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converter to that of the same machine giving the same output as 
a continuous-current machine is— 


8 16 
——+1-7,......@ 


. T 
n? sin? — 
n 


For a tri-phase rotary converter this ratio is 0°555, that is, a 
tri-phase rotary is, neglecting friction and iron losses, capable of 
giving 80 per cent. greater output for the same heating of the 
armature than the same machine used as a direct - current 


generator. 
If the power factor is cos @, equation (1) becomes— 


i =I,sin(ptto-0).... .(%) 


the current being a leading one, and the mean square current 
now is— 
2 
a. “7 oe . oe 
n 


. T . T 
2 sin? — n? sin? — 
Vb Nv 


In the case of unit power factor, ¢=0, and equation (8) 
becomes the same as equation (6). 
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THEORETICAL MECHANICS—SOLIDS. With 163 Illus- 


trations, 120 Worked Examples and over 500 Examples from Examination 
Papers, etc. Crown 8vo., 25. 6d. 


THEORETICAL MECHANICS.—FLUIDS. With 122 Illus- 


trations, numerous Worked Examples, and about 500 Examples from Ex. 
amination Papers, etc. Crown 8vo., 25. 6d. 


THORNTON.—THEORETICAL MECHANICS—SOLIDS. 
Including Kinematics, Statics and Kinetics) By ARTHUR THORNTON, M.A., 
F.R.A.S. With 200 Illustrations, 130 Worked Examples, and over goo 
Examples from Examination Papers, etc. Crown 8vo., 45. 6d, 
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MECHANICS, DYNAMICS, STATICS, HYDROSTATICS, ETC.— 
Continued. 


TWISDEN.—Works by the Rev. JOHN F. TWISDEN, M.A. 


PRACTICAL MECHANICS; an Elementary Introduction to 
their Study. With 855 Exercises, and 184 Figures and Diagrams. Crown 
8vo., ros. 6d. 


THEORETICAL MECHANICS. With 172 Examples, 


numerous Exercises, and 154 Diagrams. Crown 8vo., 8s. 6d. 


WILLIAMSON.—INTRODUCTION TO THE MATHE- 
MATICAL THEORY OF THE STRESS AND STRAIN OF ELASTIC 
SOLIDS. By BENJAMIN WILLIAMSON, D.Sc., F.R.S. Crown 8vo., 55. 


WILLIAMSON and TARLETON.—AN ELEMENTARY 
TREATISE ON DYNAMICS. Containing Applications to Thermodynamics, 
with numerous Examples. By BENJAMIN WILLIAMSON, D.Sc., F.R.S., and 
FRANCIS A. TARLETON, LL.D. Crown 8vo., tos. 6d. 


WORTHING TON.—DYNAMICS OF ROTATION: an Ele- 


mentary Introduction to Rigid Dynamics. By A. M. WORTHINGTON, C.B., 
F.R.S. Crown 8vo., 4s. 6d. 


MENSURATION, SURVEYING, ETC. 


BRABANT—THE ELEMENTS OF PLANE AND SOLID 
MENSURATION. With Copious Examples and Answers. By F. G. 
BRABANT, M.A. Crown 8vo., 35. 6d. ' 


CHIVERS.—ELEMENTARY MENSURATION. By G. T. 
CHIVERS, Head Master of H.M. Dockyard School, Pembroke. With Answers 
to the Examples. Crown 8vo , 55. 


GRIBBLE.—PRELIMINARY SURVEY AND ESTIMATES. 
By THEODORE GRAHAM GRIBBLE, Civil Engineer. Including Elementary 
Astronomy, Route Surveying, Tacheometry, Curve Ranging, Graphic Mensura- 
tion, Estimates, Hydrography and Instruments. With 133 [Illustrations, 
Quantity Diagrams, and a Manual of the Slide-Rule. Fep. 8vo,, 7s. 6d. 


HILE Y.—EXPLANATORY MENSURATION. | By the Rev. 
ALFRED HILEy, M.A. With a Chapter on Land Surveying by the Rev. JOHN 
HunTER, M.A. Containing numerous Examples, and embodying many of the 
Questions set in the Local Examination Papers. With Answers. t12mo., 2s. 6d. 


HUNTER.—MENSURATION AND LAND SURVEYING, 


By the Rev. JOHN HUNTER, M.A. 18mo., 1s. KEY, Is. 


LODGE.—MENSURATION FOR SENIOR STUDENTS. By 
ALFRED LopGE, M.A., late Fereday Fellow of St. John’s College, Oxford; 
Professor of Pure Mathematics at the Royal Indian Engineering College, 
Cooper’s Hill. With Answers. Crown 8vo., 4s. 6d. 


LONGMANS’ SCHOOL MENSURATION. By ALFRED : 
PeArcr, B.A. (Inter.), Hons. Matric. (London). With numerous Diagrams, 
Crown 8vo. With or without Answers, 2s. 6d, 
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MENSURATION, SURVEYING, ETC.—Conidinued. 
LONGMANS’ JUNIOR SCHOOL MENSURATION. To meet 


the Requirements of the Oxford and Cambridge Junior Local Examinations, 
the College of Preceptors, etc. By W.S. BEARD, F.R.G.S., Head Master of 
Fareham Modern School. With Answers to Exercises and Examination Papers. 
Crown 8vo., IS. 


LUPTON.—A PRACTICAL TREATISE ON MINE SURVEY- 
ING. By ARNOLD LuPTON, Mining Engineer, Certificated Colliery Manager, 
Surveyor, Member of the Institution of Civil Engineers, etc, With 216 Illus- 
trations. Medium 8vo., 12s. net. 


NESBIT.—PRACTICAL MENSURATION. By A. NEssir. 


Illustrated by 7oo Practical Examples and 7oo Woodcuts. t12mo., 35. 6d. 
KEY, 55. 


SMITH—CIRCULAR SLIDE RULE. By G. L. SMITH. 


Fep. 8vo., 15. net. 


ALGEBRA, ETC. 
*,* For other Books, see Longmans & Co.'s Catalogue of Educational and School Books. 


ANNALS OF MATHEMATICS. (/fuszisHzeD UNDER THE 


AUSPICES OF HARVARD UNIVERSITY.) Issued Quarterly. 4to., 25. net. 


CONSTABLE anv MILLS —ELEMENTARY ALGEBRA UP 
TO AND INCLUDING QUADRATIC EQUATIONS. | By W. G. Con- 
STABLE, B.Sc., B.A., and J. MiLus, B.A. Crown 8vo., 2s. With Answers, 
2s. 6d. 

Also in Three Parts. Crown 8vo., cloth, limp, 9¢. each. ANSWERS. Three 
Parts. Crown 8vo., paper covers, 6d. each. 


CRACKNELL.—PRACTICAL MATHEMATICS. By A. G. 
CRACKNELL, M.A., B.Sc., Sixth Wrangler, etc. With Answers to the 
Examples, Crown 8vo., 35. 6d. 


LONGMANS’ JUNIOR SCHOOL ALGEBRA. By Wi.1a4m S. 
BEARD, F.R.G.S., Head Master of the Modern School, Farehani, Crown 8vo., 
1s, 6d. With Answers, 2s. 


MELLOR.—HIGHER MATHEMATICS FOR STUDENTS 
OF CHEMISTRY AND PHYSICS. With special reference to Practical 
Work. By J. W. MELLOoR, D.Sc., Research Fellow, The Owens College, 
Manchester. With 142 Diagrams, 8vo., 12s. 6d. net. 


SMITH.—Works by J. HAMBLIN SMITH, M.A. 
ELEMENTARY ALGEBRA. New Edition, with a large num- 


ber of Additional Exercises. With or without Answers. Crown 8vo., 35. 6d. 
Answers separately, 6d. KEY, Crown 8vo., gs. 
** The Original Edition of this Book ts still on Sale, price 2s. 6d. 


EXERCISES IN ALGEBRA. With Answers. Fcap. 8vo., 


2s. 6d. Copies may be had without the Answers. 


WELSFORD anv MA YO.—ELEMENTARY ALGEBRA. By 
J. W. WELsForD, M.A., formerly Fellow of Gonville and Caius College, 
Cambridge, and C. H. P. Mayo, M.A., formerly Scholar of St. Peter’s College, 
Cambridge; Assistant Masters at Harrow School. Crown 8vo., 35. 6d., o1 
with Answers, 45. 6d. 
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CONIC SECTIONS, ETC. 


CASE Y.—A TREATISE ON THE ANALYTICAL GEO- 
METRY OF THE POINT, LINE, CIRCLE, AND CONIC SECTIONS. 
By JoHN CASEY, LL.D., F.R.S. Crown 8vo., res. 


RICHARDSON.—GEOMETRICAL CONIC SECTIONS. By 
G. RICHARDSON, M.A. Crown 8vo., 4s. 6d. 


SALMON.—A TREATISE ON CONIC SECTIONS, containing 
an Account of some of the most Important Modern Algebraic and Geometric 
Methods. By G. SALMON, D.D., F.R.S.  8vo., ras. 


SM1ITH.—GEOMETRICAL CONIC SECTIONS. By J. 


HAMBLIN SMITH, M.A. Crown 8vo., 35. 6d. 


THE CALCULUS, LOGARITHMS, ETC. 


BARKER.—GRAPHICAL CALCULUS. By ArrtnHur H. 
BARKER, B.A., B.Sc. With an Introduction by JOHN GOODMAN, A.M. I. C.E, 
With 61 Diagrams. Crown 8vo., 45. 6d, 


MURRA Y.—Works by DANIEL ALEXANDER MURRAY, 
Ph.D. 


AN INTRODUCTORY COURSE IN DIFFERENTIAL 
EQUATIONS. Crown 8vo., 45. 6d. 


A FIRST COURSE IN THE INFINTTESIMAL CAL- 
CULUS. Crown 8vo.,.75. 6d. 


ODEA—AN ELEMENTARY TREATISE ON LOGAR- 
ITHMS, EXPONENTIAL AND LOGARITHMIC SERIES, UNDETER- 
MINED CO-EFFICIENTS, AND THE THEORY OF DETERMINANTS. - 
By JAMES J. O’DEA, M.A. Crown 8vo., 2s. 


TATE.—PRINCIPLES OF THE DIFFERENTIAL AND 
INTEGRAL CALCULUS. By THOMAS TATE. t12mo., 45. 6d. 


TA YLOR.—Works by F. GLANVILLE TAYLOR. 


AN INTRODUCTION TO THE DIFFERENTIAL AND 
INTEGRAL CALCULUS AND DIFFERENTIAL EQUATIONS. Cr. 
8vO., 98. 

AN INTRODUCTION TO THE PRACTICAL USE OF 
LOGARITHMS, WITH EXAMPLES IN MENSURATION. With 
Answers to Exercises. Crown 8vo., 1s. 6d. 


WILLIAMSON.—Works by BENJAMIN WILLIAMSON, D.Sc. 


AN ELEMENTARY TREATISE ON THE DIFFERENTIAL 
CALCULUS; containing the Theory of Plane Curves with numerous 
Examples. Crown 8vo., 105. 6d. 


AN ELEMENTARY TREATISE ON THE INTEGRAL 
CALCULUS; containing Applications to Plane Curves and Surfaces, and 
also a Chapter on the Calculus of Variations, with numerous Examples. 
Crown 8vo., ros. 6d. 
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GEOMETRY AND EUCLID. 


* .* For other Works, see Longmans & Co,’s Catalogue of Educational and School Books. 


ALILMAN.—GREEK GEOMETRY FROM THALES TO 
EUCLID. By G. J. ALLMAN. §8vo., ros 6d. 


BARRELL.—ELEMENTARY GEOMETRY. By Frank R. 
BARRELL, M.A., B.Sc., Professor of Mathematics, University College, Bristol. 

Section I. Part I., being the subject-matter of Euclid, Book I. Crown 8vo., 15. 

Section I. Part Il., containing the subject-matter of Euclid, Book III. 1-34, and 
Book IV. 4-9. Crown 8vo., 15. 

Section I. complete. Crown 8vo., 2s. 

Section II., containing the remainder of Euclid, Books III. and IV., together with 
the subject-matter of Books II. and VI. With explanation of Ratio and Pro- 
portion, Trigonometric Ratios and Measurement of Circles. Crown 8vo., 15. 6d. 

Sections I. and II. in one volume. Crown 8vo., 35. 6d. 

Section III., containing the subject-matter of Euclid, Book XI., together with a 
full treatment of volume and surface of the cylinder, cone, sphere, etc. Crown 
8vo., Is. 6d. 

Sections I., II. and III. complete in one volume. Crown 8vo., 4s. 6d. 


CASE Y.—Works by JOHN CASEY, LL.D., F.R.S. 


THE ELEMENTS OF EUCLID, BOOKS I.-VI. and Pro- 
positions, I.-X XT. of Book XI., and an Appendix of the Cylinder, Sphere, 
Cone, etc. With Copious Annotations and numerous Exercises. Fcp. 8vo., 
4s. 6d. Key to Exercises. Fep. 8vo., 6s, 

A SEQUEL TO THE ELEMENTS OF EUCLID. Part I. 
Books I.-VI. With numerous Examples. Fep. 8vo., 35. 6d. 


A TREATISE ON THE ANALYTICAL GEOMETRY OF 
THE POINT, LINE, CIRCLE AND CONIC SECTIONS. Containing 
an Account of its most recent Extension. Crown 8vo., 12s. 


HAMILTON.—ELEMENTS OF QUATERNIONS. By the 
late Sir WILLIAM ROWAN HAMILTON, LL.D., M.R.I.A. Edited by CHARLES 
JASPER JOLY, M.A., Fellow of Trinity College, Dublin. 2vols. 4to. 215. net each, 


HIME.—THE OUTLINES OF QUATERNIONS. By Lieut.- 
Colonel H. W. L. HiMkE, late Royal Artillery. Crown 8vo., ros, 


LONGMANS’ LIST OF APPARATUS FOR USE IN. GEO- 
| METRY, ETC. 
1. LONGMANS’ ENGLISH AND METRIC RULER. Marked on one edge 
in Inches, Eighths, Tenths and Five-fifths. Marked on the other edge in 
Centimetres. Price 1d. net. 


2. LOW’S IMPROVED SET SQUARES. Designs A & B. 45° to 60°. 


At 45° 4” | Bt 45° 4” each 1/- net. | A 1 60° 4” B 1 60° 4” each 1/- net. 
A245 6” ;or, B245°6” ,, 1/3, | A260°6” tor, B260°6” ,, 1/3 ,, 
A3 45° 64’ J B 3 45° 84” es 2/- ve A g 60° 84” B 3 60° 84” e 2/- e 


3- LOW’S IMPROVED PROTRACTORS (Celluloid). Protractor No. 2. 3’ 
radius, marked in degrees, 6d. net. Protractor No. 3. 4’ radius, marked in 
$-degrees, od. net. 

4. LOW’S ADJUSTABLE PROTRACTOR SET SQUARE. 2s. 6d. net. 

5. LONGMANS’ BLACKBOARD ENGLISH AND METRIC RULE. One 
Metre; marked in decimetres, centimetres, inches, half-inches and quarter- 
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GEOMETRY AND EUCLID—Coxniinued. 


LOW.—TEXT-BOOK ON PRACTICAL, SOLID, AND DE- 
SCRIPTIVE GEOMETRY. By DAvipD ALLAN Low, Professor of Engineer- 
ing, East London Technical College. Crown 8vo. 


Part I. With 114 Figures, 2s. Part II. With 64 Figures, 3s. 
THE DIAGRAM MEASURER. An Instrument for measuring 


the Areas of Irregular Figures and specially useful for determining the Mean 
Effective Pressure from Indicator Diagrams from Steam, Gas and other 
Engines. Designed by D. A. Low. With Full Instructions for Use. 1s. net. 


MORRIS ann HUSBAND.—PRACTICAL PLANE AND 


SOLID GEOMETRY. By I. HAMMOND Morris and JOSEPH HUSBAND. 
Fully Illustrated with Drawings. Crown 8vo., 2s. 6d. 


MORRIS.—GEOMETRICAL DRAWING FOR ART STU- 


DENTS. Embracing Plane Geometry and its fae ote the Use of Scales, 
and the Plans and Elevations of Solids as required in Section I. of Science 
Subjects. By I. HAMMOND Morris. Crown 8vo., 2s. 


SMITH.—ELEMENTS OF GEOMETRY. By J. HAmpBuiin 
SMITH, M.A. Containing Books 1 to 6, and portions of Books 11 and 12, of 
Euclid, with Exercises and Notes. Cr. 8vo., 35.6d. KEY, crown 8vo., 8s. 6d. 


Books 1 and 2, limp cloth, 1s. 6¢., may be had separately. 


SPOONER.—THE ELEMENTS OF GEOMETRICAL DRAW- 
ING: an Elementary Text-book on Practical Plane Geometry, including an 
Introduction to Solid Geometry. Written to include the requirements of the 
Syllabus of the Board of Education in Geometrical Drawing and for the use of 
Students preparing for the Military Entrance Examinations. By HENRY J. 
SPOONER, C.E., M.Inst.M.E. Crown 8vo., 35. 6d. 


WILSON. GEOMETRICAL DRAWING. For the use of 
Candidates for Army Examinations, and as an Introduction to Mechanical 
Drawing. By W. N. WILSON, M.A. Parts I. and II. Crown 8vo., 4s. 6d. each 


WINTER.— ELEMENTARY GEOMETRICAL DRAWING. 
By S. H. WINTER. Part I. Including Practical Plane Geometry, the Construc- - 
tion of Scales, the Use of the Sector, the Marquois Scales, and the Protractor. 
With 3 Plates and tooo Exercises and Examination Papers. Post 8vo., 5s. 


OPTICS, PHOTOGRAPHY, ETC. 
ABNEY.—A TREATISE ON PHOTOGRAPHY. BySir WILLIAM 
DE WIVELESLIE ABNEY, K.C.B., F.R.S., Principal Assistant Secretary of the 


Secondary Department of the Board of Education. With 134 Illustrations. 
Fep. 8vo., 55. 


DRUDE.—THE THEORY OF OPTICS. By Paut DRuDE, 
Professor of Physics at the University of Giessen. Translated from the German 
by C. RrBORG MANN and ROBERT A. MILLIKAN, Assistant Professors of 
Physics at the University of Chicago. With r10 Diagrams. 8vo., 155. net. 


GLAZEBROOK—PHYSICAL OPTICS. By R. T. GLAzE- 
BROOK, M.A., F.R.S., Principal of University College, Liverpool. With 183 
Woodcuts of Apparatus, etc. Fecp. 8vo., 6s. 


VANDERPOEL.—COLOR PROBLEMS: a Practical Manual 


for the Lay Student of Color. By EmMILy NoYES VANDRRPOEL. With 117 
Plates in Color. Square 8vo., 215. net. 


WRIGHT—OPTICAL PROJECTION: a Treatise on the Use 
of the Lantern in Exhibition and Scientific Demonstration. By LEwiIs WRIGHT, 
Author of ‘ Light: a Course of Experimental Optics’. With 232 Illustrations 
Crown 8vo., 6s. 
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TRIGONOMETRY, 


CASE Y.—A TREATISE ON ELEMENTARY TRIGONO- 
METRY. By JoHuN CASEY, LL.D., F.R.S., late Fellow of the Royal University 
of Ireland. With numerous Examples and Questions for Examination. r2mo., 35. 

CLARKE.—PLANE TRIGONOMETRY. Containing the more 
advanced Propositions, Solution of Problems and a complete Summary of For- 
mulz, Bookwork, etc., together with recent Examination Papers for the Army, 
Woolwich, etc. With Answers. By the a A. DAWSON CLARKE, M.A., St. 
John’s College, Cambridge. Crown 8vo., 

GOODWIN.—Works by H. B. GOODWIN, M.A. 


PLANE AND SPHERICAL TRIGONOMETRY. In Three 
Parts, comprising those portions of the subjects, theoretical and practical, 
which are required in the Final Examination for Rank of Lieutenant at 
Greenwich. 8vo., 85. 6d. 

ELEMENTARY PLANE TRIGONOMETRY. With numerous 
Examples and Examination ere set at the Royal Naval College in recent 

. years. With Answers. 8vo., 

JONES. —THE BEGINNINGS OF TRIGONOMETRY. By 
A. CLEMENT JONES, M.A., Ph.D., late Open Scholar and Senior Hulme 
Exhibitioner of Brasenose College, Oxford : Senior Mathematical Master of 
Bradford Grammar School. Crown 8vo., 2s. 


MURRA Y.—Works by DANIEL A. MURRAY, B.A., Ph.D. 
PLANE TRIGONOMETRY. Crown 8vo., 35. ‘6d. With 
Logarithmic and Trigonometric Tables. Crown 8vo., 55. 
SPHERICAL TRIGONOMETRY. With Answers. Crown 
8vo., 25. 6d. 
PLANE AND SPHERICAL TRIGONOMETRY. With 
Answers. Crown 8vo., 6s. 
SMITH. ELEMENTARY TRIGONOMETRY. By J. Hamsiin 
SmITH, M.A. Crown 8vo., 45. 6d. Key, 7s. 6d. 


SOUND, LIGHT, HEAT, AND THERMODYNAMICS. 


DEXTER.—ELEMENTARY PRACTICAL SOUND, LIGHT 
AND HEAT. By JosepH S. DEXTER, B.Sc. (Lond.), Physics Master, 
Technical Day School, The Polytechnic Institute, Regent Street. With 152 
Illustrations. Crown 8vo., 2s. 6d. 

EMTAGE.—LIGHT. By W. T. A. EmtTace, M.A., Director of 
Public Instruction, Mauritius. With 232 Illustrations. Crown 8vo., 6s. 
HELMHOLTZ.—ON THE SENSATIONS OF TONE AS A 
PHYSIOLOGICAL BASIS FOR THE THEORY OF MUSIC. By HeEr- 

MANN VON HELMHOLTZ. Royal 8vo., 28s. 

MAXWELL.—THEORY OF HEAT. By J. CLERK MaxweELt, 
M.A., F.R.SS., L. and E. With Seated and Additions by Lord RAy 
LEIGH. With 38 Illustrations. Fecp. 8vo., 45. 6d 

PLANCK.—TREATISE ON THERMODYNAMICS. By Dr. 
MAX PLANCK, Professor of Theoretical Physics in the University of Berlin. 
Translated, with the Author’s sanction, by ALEXANDER OGG, M.A.,, B.Sc., 
Ph.D., late 1851 Exhibition Scholar, Aberdeen University; Assistant Master, 
Royal Naval Engineering College, Devonport. 8vo., 7s. 6d. net. 

SMITH.—THE STUDY OF HEAT. By J. eg nay SMITH, 
M.A., of Gonville and Caius College, Cambridge. Crown 8vo., 

TYNDALL.—Works by JOHN TYNDALL, D.C. Tk RS: 


See p. 36. 
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SOUND, LIGHT, HEAT, AND THERMODYNAMICS— Continued. 


WORMELL.—A CLASS-BOOK OF THERMODYNAMICS. 
By RICHARD WORMELL, B.Sc., M.A. Fep. 8vo., 15. 6d. 
WRIGHT.—Works by MARK R. WRIGHT, M.A 
SOUND, LIGHT, AND HEAT. With 160 Diagrams and 
Illustrations. Crown 8vo,, 2s. 6d. 
ADVANCED HEAT. With 136 Diagrams and numerous 


Examples and Examination Papers. Crown 8vo., 45. 6d. 


ARCHITECTURE, BUILDING CONSTRUCTION, ETC. 

ADVANCED BUILDING CONSTRUCTION. By the Author 
of ‘Rivingtons’ Notes on Building Construction’. With 385 Illustrations, 
Crown 8vo., 45. 6d, 

BURRELL.—BUILDING CONSTRUCTION. By Epwarp J. 
BURRELL, Second Master of the People’s ee Technical School, London. 
With 303 Working Drawings. Crown 8vo., 25. 

GWILT—AN ENCYCLOPAEDIA OF ARCHITECTURE. 
By JOSEPH GwWILT, F.S.A. Revised (1888), with Alterations and Considerable 
Additions by WYATT PAPWoRTH. With 1700 Engravings. 8vo., 215. net. 

HAMLIN.—A TEXT-BOOK OF THE HISTORY OF ARCHI- 
TECTURE. By A.D. F. HAMLIN, A.M. With 229 Illustrations, Crown 
8vo., 75. 6d. 

PARKER anv UNWIN.—THE ART OF BUILDING A 
HOME: A Collection of Lectures and Illustrations. By BARRY PARKER and 
RAYMOND UNWIN. With 68 Full-page Plates. 8vo., ros. 6d. net. 

RICHARDS.—BRICKLAYING AND BRICKCUTTING. By 
H. W. RICHARDS, Examiner in Brickwork and Masonry to the City and Guilds 
of London Institute, Head of Building Trades Department, Northern Poly- 
technic Institute, London, N. With over 200 Illustrations. 8vo., 35. 6d. 

ROWE.—THE LIGHTING OF SCHOOLROOMS: a Manual 
for School Boards, Architects, Superintendents and Teachers. By STUART H. 
RoOwE, Ph.D., Senior Principal of the Lowell School District, New Haven, 
Conn., and Lecturer on Pedagogy in Yale University. With 32 Illustrations, ~ 
Crown 8vo., 35. 6d. net. 

SEDDON.—BUILDER’S WORK AND THE BUILDING 
TRADES. By Col. H. C. SEDDON, R.E. With numerous [llustrations. 
Medium 8vo., 16s. 

THOMAS.—THE VENTILATION, HEATING AND 
MANAGEMENT OF CHURCHES AND PUBLIC BUILDINGS. By 
J. W. THomMAs, F.I.C., F.C.S., Author of ‘Coal, Mine-Gases, and Ventila- 
tion,’ etc. With 25 Illustrations. Crown 8vo., 2s. 6d. 

VALDER.— BOOK OF TABLES, giving the Cubic Contents of 
from One to Thirty Pieces Deals, Battens and Scantlings of the Sizes usually 
imported or used in the Building Trades, together with an Appendix showing a 
large number of sizes, the Contents of which may be found by referring to the 
aforesaid Tables. By THOMAS VALDER. Oblong 4to., 6s. net. 

RIVINCTONS’ COURSE OF BUILDING CONSTRUCTION. 
NOTES ON BUILDING CONSTRUCTION. Medium 8vo.. 
Part I. With 552 Illustrations, gs. net. 
Part II. With 479 Illustrations, gs. net. 
Part III. Materials. With 188 Illustrations, 18s. net. 
Part IV. Calculations for Building Structures. With 551 


Illustrations, 135. net. 
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STEAM, OIL, AND GAS ENGINES. 
BALE.—A HAND-BOOK FOR STEAM USERS; being Rules 
for Engine Drivers and Boiler Attendants, with Notes on Steam Engine and 
Boiler Management and Steam Boiler Explosions. By M. Powis BALE, 
M.I.M.E., A.M.I.C.E. Fep. 8vo., 25. 6d. 


CLERK.—THE GAS AND OIL ENGINE. By DucGa.p 


CLERK, Member of the Institution of Civil Engineers, Fellow of the Chemical 
Society, Member of the Royal Institution, Fellow of the Institute of Patent 
Agents. With 228 Illustrations. 8vo., 155. 


DIPLOCK.—A NEW SYSTEM OF HEAVY GOODS TRANS- 
PORT ON COMMON ROADS. By BRAMAH JOSEPH DIPLOCK. With 27 
Illustrations and Diagrams. Medium 8vo., 6s. 6d. net. 


FLETCHER.—ENGLISH AND AMERICAN STEAM 
CARRIAGES AND TRACTION ENGINES. By WILLIAM FLETCHER, 
M.Inst.Mech.E. With 250 Illustrations. 8vo., 15s. net. 


HOLMES.—THE STEAM ENGINE. By Georce C. V. 
Stgge eo of the Board of Works, Ireland. With 212 Illustrations. 
cp. 8vo., 65. 


LOW.—THE DIAGRAM MEASURER. An Instrument for 
measuring the Areas of Irregular Figures and specially useful for determining the 
Mean Effective Pressure from Indicator Diagrams from Steam, Gas and other 
Engines, Designed by D. A. Low, Professor of Engineering, East London 
Technical College, London. With Full Instructions for Use. 15. net. 


NEILSON.—THE STEAM TURBINE. By Roserr M. 


NEILSON, Associate Member of the Institute of Mechanical Engineers, etc. 
With 28 Plates and 2712 Illustrations. 8vo., ros. 6d. net. 


NORRIS.—A PRACTICAL TREATISE ON THE ‘OTTO’ 
CYCLE GAS ENGINE. By WILLIAM Norris, M.I.Mech.E. With 207 
Illustrations, 8vo.. ros. 6d. 


PARSONS.—STEAM BOILERS: THEIR THEORY AND 
DESIGN. By H. DE B. Parsons, B.S., M.E., Consulting Engineer ; 
Member of the American Society of Mechanical Engineers, American Society 
of Civil Engineers, etc.; Professor of Steam Engineering, Rensselaer Poly- 
technic Institute. With 170 Illustrations. 8vo., tos. 6d. net. 


RIPPER.—Works by WILLIAM RIPPER, Professor of Engineer- 

ing in the Technical Department of University College, Sheffield. 
STEAM. With 185 Illustrations. Crown 8vo., 25. 6d. 

STEAM ENGINE THEORY AND PRACTICE. With 441 


Illustrations. 8vo., 9s. 


SENNETT awn ORAM.—THE MARINE STEAM ENGINE: 


A Treatise for Engineering Students, Young Engineers and Officers of the 
Royal Navy and Mercantile Marine. By the late RICHARD SENNETT, 
Engineer-in-Chief of the Navy, etc.; and HENRY J. ORAM, Deputy Engineer- 
in-Chief at the Admiralty, Engineer Rear Admiral in H.M. Fleet, etc. With 
414 Diagrams. 8vo., 21s. ’ 


STROME VER.—MARINE BOILER MANAGEMENT AND 
CONSTRUCTION. Being a Treatise on Boiler Troubles and Repairs, 
Corrosion, Fuels, and Heat, on the properties of Iron and Steel, on Boiler 
Mechanics, Workshop Practices, ana Boiler Design. By C. E. STROMEYER, 
Chief Engineer of the Manchester Steam Users’ Association, Member of 
caek of the Institution of Naval Architects, etc. With 452 Diagrams, etc. 
vo., 125, net. , 
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ELECTRICITY AND MAGNETISM. 
ARRHENIUS.—A TEXT-BOOK OF ELECTROCHEMIS- 
TRY. By SVANTE ARRHENIUS, Professor at the University of Stockholm. 
Translated from the German Edition by JOHN McCRAE, Ph.D. With 58 
Illustrations. 8vo., 9s. 6d. net. 
CAR US-WILSON.—ELECTRO-DYNAMICS: the Direct- 
Current Motor. By CHARLES ASHLEY CARUS-WILSON, M.A. Cantab. With 
_ 71 Diagrams, and a Series of Problems, with Answers. Crown 8vo., 7s. 6d. 
CUMMING.—ELECTRICITY TREATED EXPERIMEN- 
TALLY. By LiInNzus CUMMING, M.A. With 242 Ilustrations. Cr. &vo., 45. 6d. 
DA Y.—EXERCISES IN ELECTRICAL AND MAGNETIC 
MEASUREMENTS, with Answers. By R. E. DAy. 12mo., 35. 6d. 
GORE.—THE ART OF ELECTRO-METALLURGY, including 
all known Processes of Electro-Deposition. By G. GorE, LL.D., F.R.S. Witb 
56 Illustrations, Fep. 8vo., 6s. 
HENDERSON.—Works by JOHN HENDERSON,D.Sc.,F.R.S.E. 
PRACTICAL ELECTRICITY AND MAGNETISM. With 
159 Illustrations and Diagrams. Crown 8vo., 6s. 6d. 
PRELIMINARY PRACTICAL MAGNETISM AND ELEC- 
TRICITY. Crown 8vo., 1s, 
JENKIN.—ELECTRICITY AND MAGNETISM. By FLEEMING 
JENKIN, F.R.S., M.I.C.E. With 177 Illustrations. Fep. 8vo., 3s. 6d. 
JOUBERT.—ELEMENTARY TREATISE ON ELECTRICITY 
AND MAGNETISM. By G. CAREY Foster, F.R.S., Fellow and Emeritus 
Professor of Physics in University College, London; and ALFRED W. PORTER, 
B.Sc., Fellow and Assistant Professor of Physics in University College, London. 
Founded on JOUBERT’S ‘ Traité Elémentairé d’Electricité’. Second Edition, 
With 374 Illustrations and Diagrams. 8vo., tos, 6d. net. 
JOYCE.—EXAMPLES IN ELECTRICAL ENGINEERING. 
By SAMUEL Joyce, A.I.E.E. Crown 8vo., 55. 
MERRIFIELD.—MAGNETISM AND DEVIATION OF THE 
COMPASS. By JOHN MERRIFIELD, LL.D., F.R.A.S., 18mo., 2s. 6d. 
PARR.—PRACTICAL ELECTRICAL TESTING IN PHYSICS 


AND ELECTRICAL ENGINEERING. By G. D. AsPINALL PARR, Assoc. 
M.I.E.E. With 231 Illustrations. 8vo., 8s. 6d. 


PO YSER.—Works by A. W. POYSER, M.A. 
MAGNETISM AND ELECTRICITY. With 235 Illustrations. 


Crown 8vo., 2s. 6d. 
ADVANCED ELECTRICITY AND MAGNETISM. With. 
317 Illustrations. Crown 8vo., 45. 6d. 


RHODES.—AN ELEMENTARY TREATISE ON ALTER- 
NATING CURRENTS. By W. G. RHODES, M.Sc. (Vict.), Consulting 
Engineer. With 80 Diagrams. 8vo., 7s. 6d. net. 


SZINGO ann BROOKER.—Works by W. SLINGO and A. 
BROOKER. | 
ELECTRICAL ENGINEERING FOR ELECTRIC LIGHT 
ARTISANS AND STUDENTS. With 383 Illustrations. Crown 8vo., ras. - 
PROBLEMS AND SOLUTIONS IN ELEMENTARY 
ELECTRICITY AND MAGNETISM. With 98 Illustrations. Cr. 8vo., 2s. 


TYNDALL.—Works by JOHN TYNDALL,D.C.L.,F.R.S. Seep. 36. 
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TELEGRAPHY AND THE TELEPHONE. 
HOPKINS. — TELEPHONE LINES AND THEIR PRO- 
PERTIES. By WILLIAM J. HopkKINs, Professor of Physics in the Drexel 
Institute, Philadelphia. Crown 8vo., 6s. 
PREECE anv SIVEWRIGHT—TELEGRAPHY. By Sir W. 
H. PREECE, K.C.B., F.R.S., V.P.Inst., C.E., ete., Consulting Engineer and 


Electrician, Post Office Telegraphs ; and Sir J. SlvEWRIGHT, K.C.M.G., General 
Manager, South African Telegraphs. With 267 Illustrations. Fep. 8vo., 6s. 


ENGINEERING, STRENGTH OF MATERIALS, ETC. 
ANDERSON.—THE STRENGTH OF MATERIALS AND 
STRUCTURES: the Strength of Materials as depending on their Quality and 


as ascertained by Testing Apparatus. By Sir J. ANDERSON, C.E., LL.D., 
F.R.S.E. With 66 Illustrations. Fecp. 8vo., 35. 6d. 


BARRY.—RAILWAY APPLIANCES: a Description of Details 


of Railway Construction subsequent to the completion of the Earthworks and 
Structures. By Sir JOHN WOLFE BARRY, K.C.B., F.R.S., M.ILC.E. With 
218 Illustrations. Fcp. 8vo., 4s. 6d. 


DIPLOCK.—A NEW SYSTEM OF HEAVY GOODS TRANS- 
PORT ON COMMON ROADS. By BRAHAM JOSEPH DIPLOCK. With 
27 Illustrations. 8vo., 6s. 6d. net. 


GOODMAN.—MECHANICS APPLIED TO ENGINEERING. 
By JOHN GOODMAN, Wh.Sch., A.M.I.C.E., M.I.M.E., Professor of Engineering 
in the Yorkshire College, Leeds (Victoria University), With 620 Illustrations 
and numerous Examples. Crown 8vo., 7s. 6d. net. 


LOW.—A POCKET-BOOK FOR MECHANICAL EN- 
GINEERS. By DAvip ALLAN Low (Whitworth Scholar), M.I.Mech.E., 
Professor of Engineering, East London Technical College (People’s Palace), 
London. With over tooo specially prepared Illustrations, Fep. 8vo., gilt edges, 
rounded corners, 75. 6d. 


PARKINSON.—LIGHT RAILWAY CONSTRUCTION. By 


RICHARD MARION PARKINSON, Assoc.M.Inst.C.E. With 85 Diagrams. 
-8vo., ros. 6d, net. 


SMITH.—GRAPHICS, or the Art of Calculation by Drawing 
Lines, applied especially to Mechanical Engineering. By ROBERT H. SMITH, 
Professor of Engineering, Mason College, Birmingham. Part I. With 
separate Atlas of 29 Plates containing 97 Diagrams. 8vo., 155. 


STONE Y.—THE THEORY OF STRESSES IN GIRDERS 
AND SIMILAR STRUCTURES; with Practical Observations on the 
Strength and other Properties of Materials. By BINDON B. STONEY, LL.D., 
F.R.S., M.1.C.E. With 5 Plates and 143 Illust. in the Text. Royal 8vo., 36s. 


UNWIN.—THE TESTING OF MATERIALS OF CONSTRUC- 
TION. A Text-book for the Engineering Laboratory and a Collection of the 
Results of Experiment. By W. CAWTHORNE UNWIN, F.R.S., B.Sc. With 5 
Plates and 188 Illustrations and Diagrams. 8vo., 16s, net. 


WARREN.—ENGINEERING CONSTRUCTION IN IRON, 
STEEL, AND TIMBER. By WILLIAM HENRY WARREN, Challis Professor 
of Civil and Mechanical Engineering, University of Sydney. With 13 Folding 
Plates and 375 Diagrams. Royal 8vo., 16s. net. 


WHEELER.—THE SEA COAST: Destruction, Littoral Drift, 
Protection, By W. H. WHEELER, M.Inst. C.E. With 38 Illustrations and 
Diagram. Medium 8vo., ros. 6d. net. 
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LONGMANS’ CIVIL ENGINEERING SERIES. 
CIVIL ENGINEERING AS APPLIED TO CONSTRUCTION. 


By LEVESON FRANCIS VERNON-HARCOURT, M.A., M.Inst.C.E. With 368 


Illustrations. Medium 8vo., 14s. net. 
ConTENTS.—Materials, Preliminary Works, Foundations and Roads—Railway Bridge and 


Tunnel Engineering—River and Canal Engineering—Irrigation Works—Dock Works and 

Maritime Engineering—Sanitary Engineering. 

NOTES ON DOCKS AND DOCK CONSTRUCTION. By C. 
Cotson, C.B., M.Inst.C.E. With 365 Illustrations. Medium 8vo., 215. net. 


CALCULATIONS IN HYDRAULIC ENGINEERING: a 
Practical Text-Book for the use of Students, Draughtsmen and Engineers. By 
T. CLAXTON FIDLER, M.Inst.C.E. 
Part I. Fluid Pressure and the Calculation of its Effects in En- 
gineering Structures. With numerous IIlustns. and Examples. 8vo.,6s. 6d. net. 
Part II. Calculations in Hydro-Kinetics. With numerous Illus- 
trations and Examples, 8vo., 75. 6d. net. 


RAILWAY CONSTRUCTION. By W. H. Mitts, M.I.C.E., 
Engineer-in-Chief of the Great Northern Railway of Ireland. With 516 Illus- 
trations and Diagrams. 8vo., 18s. net. 


PRINCIPLES AND PRACTICE OF HARBOUR CON- 
STRUCTION. By WILLIAM SHIELD, F.R.S.E., M.Inst.C.E. With 97 Illus- 
trations. Medium 8vo., 15s. net, 


TIDAL RIVERS: their (1) Hydraulics, (2) Improvement, (3) 
Navigation. By W. H. WHEELER, M.Inst.C.E. With 75 Illustrations. 
Medium 8vo., 16s. net. 


NAVAL ARCHITECTURE. 


ATTWOOD.—TEXT-BOOK OF THEORETICAL NAVAL 
ARCHITECTURE: a Manual for Students of Science Classes and Draughts- 
men Engaged in Shipbuilders’ and Naval Architects’ Drawing Offices. By 
EDWARD LEWIs ATTWOOD, Assistant Constructor, Royal Navy. With 114 
Diagrams, Crown 8vo., 7s. 6d. 


HOLMS.—PRACTICAL SHIPBUILDING: a Treatise on the 
Structural Design and Building of Modern Steel Vessels, the work of construc- 
tion, from the making of the raw material to the equipped vessel, including 
subsequent up-keep and repairs. By A. CAMPBELL HoLMs, Member of the 
Institution of Naval Architects, etc. In 2vols. (Vol. I., Text, medium 8vo. ; 
Vol. II., Diagrams and Illustrations, oblong 4to.) 48s. net. 


WATSON.—NAVAL ARCHITECTURE: A Manual of Laying- 
off Iron, Steel and Composite Vessels. By THomMAS H. WATSON, Lecturer on 
Naval Architecture at the Durham College of Science, Newcastle-upon-Tyne. 
With numerous Illustrations. Royal 8vo., 155. net. 


WORKSHOP APPLIANCES, ETC. 
NORTHCOTT.—_LATHES AND TURNING, Simple, Mecha- 


nical and Ornamental. By W. H. NORTHCOTT. With 338 Illustrations. 8vo.,18s. 


SHELLEY.—WORKSHOP APPLIANCES, including Descrip- 
tions of some of the Gauging and Measuring Instruments, Hand-cutting Tools, 
Lathes, Drilling, Planeing, and other Machine Tools used by Engineers. By 
C, P. B. SHELLEY, M.1.C.E. With an additional Chapter on Milling by R. 
R. LISTER. With 323 Illustrations, «Fep, 8vo., 55, 
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MACHINE DRAWING AND DESIGN. 


LONGMANS’ LIST OF APPARATUS FOR USE IN GEO- 
METRY, ETC. 

1. LONGMANS’ ENGLISH AND METRIC RULER. Marked on one edge 
in Inches, Eighths, Tenths and Five-fifths. Marked on the other edge in 
Centimetres. Price 1d. net. 

2. LOW’S IMPROVED SET SQUARES. Designs A & B. 45° to 60°. 

At 45° 4” Br 45° 4” each 1/- net. | Ar 60° 4” B 1 60° 4” each 1/- net. 
A2 45° 6” ate any laeis 7S alee A 2 60° 6” jos 9 60 6 1/36 09 
re a 45° 64” B 3 45° 84” a 2/- ,, A 3 60° 8h” B 3 60° 84” a 2/- H- 

3. LOW’S IMPROVED PROTRACTORS (Celluloid). Protractor No. 2. 3” 
radius, marked in degrees, 6d. net. Protractor No. 3. 4’ radius, marked in 
4-degrees, gd. net. 

4. LOW’S ADJUSTABLE PROTRACTOR SET SQUARE. 2s. 6d. net. 

5. LONGMANS’ BLACKBOARD ENGLISH AND METRIC RULE. One 
Metre; marked in decimetres, centimetres, inches, half-inches and quarter- 
inches. 2s. 6d. 

* * A Detailed and Illustrated Prospectus will be sent on application. 


LOW.—Works by DAVID ALLAN LOW, Professor of Engineer- 
ing, East London Technical College (People’s Palace). 


AN INTRODUCTION TO MACHINE DRAWING AND 
DESIGN. With 153 Illustrations and Diagrams. Crown 8vo., 2s. 6d. 
THE DIAGRAM MEASURER. An Instrument for measuring 


the Areas of Irregular Figures and specially useful for determining the Mean 
Effective Pressure from Indicator Diagrams from Steam, Gas and other 
Engines. Designed by D. A. Low. With Full Instructions for Use. 15. net. 


LOW anv BEVIS.—A MANUAL OF MACHINE DRAWING 
AND DESIGN. By DAvip ALLAN Low and ALFRED WILLIAM BEVIS 
M.I.Mech.E. With 700 Illustrations. 8vo., 75. 6d. 

UNWIN.—THE ELEMENTS OF MACHINE DESIGN. By 
W. CAWTHORNE UNWIN, F.R.S. 

Part I. General Principles, Fastenings, and ‘Transmissive 
Machinery. With 345 Diagrams, etc. Fep. 8vo., 75. 6d. 

Part II. Chiefly on Engine Details. Witk 259 Illustrations. 
Fep. 8vo., 65. 


MINERALOGY, MINING, METALLURGY, ETC. 
BAUERMAN.—Works by HILARY BAUERMAN, F.G.S. 


SYSTEMATIC MINERALOGY. With 373 _ Illustrations. 
Fep. 8vo., 65. 

DESCRIPTIVE MINERALOGY. With 236 _ Illustrations. 
Fep. 8vo., 6s. 

BREARLEVY anv IBBOTSON. — THE ANALYSIS OF 
STEEL-WORKS MATERIALS. By. HARRY BREARLEY and FRED 
IBBOTSON, B.Sc. (Lond.), Demonstrator of Micrographic Analysis, University 
College, Sheffield. With 85 Illustrations. 8vo., 145. net. 

BREARLEY.— THE ANALYTICAL CHEMISTRY OF 
URANIUM. By HARRY BREARLEY, Joint Author of Brearley and Ibbotson’s 
* Analysis of Steel-Works Materials’. 8vo., 2s. net. 

GORE.—THE ART OF ELECTRO-METALLURGY. By G. 
Gore, LL.D., F.R.S. With 56 Illustrations. Fep. 8vo., 6s. 
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MINERALOGY, MINING, METALLURGY, ETC.— Conzinued. 
HUNTINGTON anv M‘MILLAN.—METALS: their Properties 


and Treatment. By A. K. HUNTINGTON, Professor of Metallurgy in King’s 
College, London, and W. G. M‘MILLAN, late Lecturer on Metallurgy in Mason’s 
College, Birmingham. With 122 Illustrations, Fecp. 8vo., 7s. 6d. 


LUPTON.—Works by ARNOLD LUPTON, M.I.C.E., F.G.S., ete. 


MINING. An Elementary Treatise on the Getting of Minerals. 


With a Geological Map of the British Isles, and 596 Diagrams and IIlustra- 
tions. Crown 8vo., gs. net. 


A PRACTICAL TREATISE ON MINE SURVEYING. 


With 209 Illustrations. 8vo., 12s, net. 


RHEAD.—METALLURGY. By E, L. Rueap, Lecturer on 


Metallurgy at the Municipal Technical School, Manchester. With gq IIlustra- 
tions. Fcp, 8vo., 35. 6d. 


RHEAD and SEXTON—ASSAYING AND METALLUR- 
GICAL ANALYSIS for the use of Students, Chemists and Assayers, By E. L. 
RHEAD, Lecturer on Metallurgy, Municipal School of Technology, Manchester ; 
and A. HUMBOLDT SEXTON, F.I.C., F.C.S., Professor of Metallurgy, Glasgow 
and West of Scotland Technical College. 8vo., ros. 6d. net. 


RUTLEY.—THE STUDY OF ROCKS: an Elementary Text- 


book of Petrology. By F. RUTLEY, F.G.S. With 6 Plates and 88 other Ilus- 
trations. Fep. 8vo., 45. 6d. 


ASTRONOMY, NAVIGATION, ETC. 
ABBOTT.—ELEMENTARY THEORY OF THE TIDES: 


the Fundamental Theorems Demonstrated without Mathematics and the In- 
fluence on the Length of the Day Discussed. By T. K. ABBoTT, B.D., Fellow 
and Tutor, Trinity College, Dublin. Crown 8vo., 2s. 


BALL.—Works by Sir ROBERT S. BALL, LL.D., F.R.S. 


ELEMENTS OF ASTRONOMY. With 130 Figures and Dia- 
grams. Fecp. 8vo., 6s. 6d. 


A CLASS-BOOK OF ASTRONOMY. With 41 Diagrams. 
Fep. 8vo., 1s. 6d. 


GIZL.—TEXT-BOOK ON NAVIGATION AND NAUTICAL 
ASTRONOMY. By J. GILL, F.R.A.S., late Head Master of the Liverpool 
Corporation Nautical College. 8vo., ros. 6d. 


GOODWIN.—AZIMUTH TABLES FOR THE HIGHER 
DECLINATIONS. (Limits of Declination 24° to 30°, both inclusive.) 
Between the Parallels of Latitude 0° and 60°. With Examples of the Use of 
the Tables in English and French. By H. B. Goopwin, Naval Instructor, 
Royal Navy. Royal 8vo., 7s. 6d. 


HERSCHEL.—OUTLINES OF ASTRONOMY. By Sir Joun 
F. W. HERSCHEL, Bart., K.H., etc. With g Plates and numerous Diagrams. 
8vo., I2s. 

LAUGHTON.—AN INTRODUCTION TO THE PRAC- 


TICAL AND THEORETICAL STUDY OF NAUTICAL SURVEYING, ~ 
By JOHN KNOX LAUGHTON,M.A.,F.R.A.S. With 35 Diagrams. Crown 8vo,, 6s. 


LOWELL.—MARS. By PeErcivaL Lowe tt, Fellow American 


Academy, Member Royal Asiatic Society, Great Britain and Ireland, ete. 
With 24 Plates. 8vo., 125. 6d. 
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ASTRONOMY, NAVIGATION, ETC.—Coniinued. 


MARTIN.—NAVIGATION AND NAUTICAL ASTRONOMY. 
Compiled by Staff Commander W. R. MARTIN, R.N. Royal 8vo., 18s. 


MERRIFIELD.—A TREATISE ON NAVIGATION. For 


the Use of Students. By J. MERRIFIELD, LL.D., F.R.A.S., F.M.S. With 
Charts and Diagrams. Crown 8vo., 55 


_PARKER.—ELEMENTS OF ASTRONOMY. With Numerous 


Examples and Examination Papers. By GEORGE W. PARKER, M.A., of 
Trinity College, Dublin. With 84 Diagrams. §8vo., ss. 6d. net. 


WEBB.—CELESTIAL OBJECTS FOR COMMON TELE- 
SCOPES. By the Rev. T. W. Wess, M.A., F.R.A.S. Fifth Edition, 
Revised and greatly Enlarged by the Rev. T. E. Espin, M.A., F.R.A.S. (Two 
Volumes.) Vol. I., with Portrait and a Rem‘niscence of the Author, 2 Plates, 
and numerous Illustrations. Crown 8vo., 6s, Vol. II., with numerous IIlustra- 
tions. Crown 8vo., 6s. 6d. 


WORKS BY RICHARD A. PROCTOR. 


THE MOON: Her Motions, Aspect, Scenery, and Physical 


Condition. With many Plates and Charts, Wood Engravings, and 2 Lunar 
Photographs. Crown 8vo., 35. 6d. 


OTHER WORLDS THAN OURS: the Plurality of Worlds 


Studied Under the Light of Recent Scientific Researches. With 14 Illustrations; 
Map, Charts, etc. Crown 8vo., 35. 6d. 


OUR PLACE AMONG INFINITIES: a Series of Essays con- 


trasting our Little Abode in Space and Time with the Infinities around us. 
Crown 8vo., 35. 6d. 


MYTHS AND MARVELS OF ASTRONOMY. Crown 8vo., 
35. 6d. 


LIGHT SCIENCE FOR LEISURE HOURS: Familiar Essays 


on Scientific Subjects, Natural Phenomena, etc. Crown 8vo., 35. 6d. 


THE ORBS AROUND US; Essays on the Moon and Planets, 


Meteors and Comets, the Sun and Coloured Pairs of Suns. Crown 8vo., 3s. 6d. 


THE EXPANSE OF HEAVEN: Essays on the Wonders of the 


Firmament. Crown 8vo., 35. 6d. 


OTHER SUNS THAN OURS: a Series of Essays on Suns—Old, 
Young, and Dead. With other Science Gleanings. Two Essays on Whist, 


and Correspondence with Sir John Herschel. With 9 Star-Maps and Diagrams 
Crown 8vo., 35. 6d, 


HALF-HOURS WITH THE TELESCOPE: a Popular Guide 


to the Use of the Telescope as a means of Amusement and Instruction. With 
7 Plates. Fep. 8vo., 2s. 6d. 


NEW STAR ATLAS FOR THE LIBRARY, the School, and 
the Observatory, in Twelve Circular Maps (with Two Index-Plates). With an 
Introduction on the Study of the Stars, Illustrated by 9 Diagrams. Cr. 8vo., 55. 


OVER, 
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WORKS BY RICHARD A. PROCTOR—Continued. 
THE SOUTHERN SKIES: a Plain and Easy Guide to the 


Constellations of the Southern Hemisphere. Showing in 12 Maps the position 
of the principal Star-Groups night after night throughout the year. With an 
Introduction and a separate Explanation of each Map. ‘True for every Year. 


4to., 55. 

HALF-HOURS WITH THE STARS: a Plain and Easy Guide 
to the Knowledge of the Constellations. Showing in 12 Maps the position of 
the principal Star-Groups night after night throughout the year. With Intro- 
duction and a separate Explanation of each Map. ‘True for every Year. 
4to., 35. net. 


LARGER STAR ATLAS FOR OBSERVERS AND STUDENTS. 
In Twelve Circular Maps, showing 6000 Stars, 1500 Double Stars, Nebulze, etc. 
With 2 Index-Plates. Folio, 155. 


THE STARS IN THEIR SEASONS: an Easy Guide to a 
Knowledge of the Star-Groups. In 12 Large Maps. Imperial 8vo., 55. 


ROUGH WAYS MADE SMOOTH. Familiar Essays on 
Scientific Subjects. Crown 8vo., 35. 6d. 


PLEASANT WAYS IN SCIENCE. Crown 8vo., 3s. 6d. 
NATURE STUDIES. By R. A. Procror, Grant ALLEN, A. 


WILSON, T. FOSTER, and E, CLODD. Crown 8vo., 35. 6d. 


LEISURE READINGS. By R. A. Proctor, E. Ciopp, A. 


WILSON, T. FOSTER, and A. C, RANYARD, Crown 8vo., 35. 6d. 


PHYSIOGRAPHY AND GEOLOGY. 


BIRD.—Works by CHARLES BIRD, B.A. 
ELEMENTARY GEOLOGY. With Geological Map of the 
British Isles, and 247 Illustrations. Crown 8vo., 2s. 6d. 


ADVANCED GEOLOGY. A Manual for Students in Advanced 
Classes and for General Readers. With over 300 Illustrations, a Geological 
Map of the British Isles (coloured), and a set of Questions for Examination. 
Crown 8vo., 75. 6d. 


GREEN.—PHYSICAL GEOLOGY FOR STUDENTS AND 
GENERAL READERS. By A. H. GREEN, M.A., F.G.S. With 236 Illus- 
trations. 8vo., 2I5. 

MORGAN.—Works by ALEX. MORGAN, M.A., 1D5¢., F.R.S.E. 

ELEMENTARY PHYSIOGRAPHY. Treated Experimentally. 
With 4 Maps and 243 Diagrams. Crown 8vo., 2s. 6d. 

ADVANCED PHYSIOGRAPHY. With 215 Illustrations. 
Crown 8vo., 45. 6d. 


READE.—THE EVOLUTION OF EARTH STRUCTURE: 
with a Theory of Geomorphic Changes. By T. MELLARD READE, F.G.S., 
F.R.1.B.A., A.M.I.C.E., etc. With 41 Plates. 8vo., ors. net. 
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PHYSIOGRAPHY AND GEOLOGY—Condinued. 
THORNTON.—Works by J. THORNTON, M.A. 


ELEMENTARY PRACTICAL PHYSIOGRAPHY. 
Part I. With 215 Illustrations. Crown 8vo., 2s. 6d. 
Part II. With 98 Illustrations. Crown 8vo., 2s. 6d. 


ELEMENTARY PHYSIOGRAPHY: an Introduction to the 
Study of Nature. With 13 Maps and 295 Illustrations. With Appendix on 
Astronomical Instruments and Measurements. Crown 8vo., 2s. 6d. 


ADVANCED PHYSIOGRAPHY. With 11 Maps and 255 


Illustrations. Crown 8vo., 4s. 6d. 


NATURAL HISTORY AND GENERAL SCIENCE. 
FURNEAUX.—Works by WILLIAM FURNEADX, F.R.G.S. 
THE OUTDOOR WORLD; or, The Young Collector’s Hand- 


_ book. With 18 Plates, 16 of which are coloured, and 549 Illustrations in the 
Text. Crown 8vo., 6s, net. 


LIFE IN PONDS AND STREAMS. With 8 Coloured Plates 


and 331 Illustrations in the Text. Crown 8vo., 6s. net. 


BUTTERFLIES AND MOTHS (British). With 12 Coloured 


Plates and 241 Illustrations in the Text. Crown 8vo., 6s. net. 


THE SEA SHORE. With 8 Coloured Plates and 300 IIlustra- 


tions in the Text. Crown 8vo., 6s. net. 


HUDSON.—Works by W. H. HUDSON, C.M.ZS. 
BRITISH BIRDS. With 8 Coloured Plates from Original 


Drawings by A. THORBURN, and 8 Plates and too Figures by C, E. LopGEr, 
and 3 Illustrations from Photographs. Crown 8vo., 6s. net. 


BIRDS AND MAN. Large Crown 8vo., 6s. net. 


MILLATS.—THE NATURAL HISTORY OF THE BRITISH 
SURFACE-FEEDING DUCKS. By JOHN GUILLE MILLAIs, F.Z.S., etc. 
With 6 Photogravures and 66 Plates (41 1n colours) from Drawings by the Author, 
ARCHIBALD THORBURN, and from Photographs. Royal 4to., £6 6s. net. 


NANSEN.—THE NORWEGIAN NORTH POLAR EX- 
PEDITION, 1893-1896: Scientific Results. Edited by FRIpTJOF NANSEN. 
Volume I. With 44 Plates and numerous Illustrations in the Text. Demy 
4to., 40s. net. 
Volume II. With 2 Charts and 17 Plates. Demy 4to., 3os. net. 
Volume III. With 33 Plates. Demy 4to., 325. net. 
Volume IV. With 33 Plates. Demy 4to., 215. net. 


STANLE Y.—A FAMILIAR HISTORY OF BIRDS. By E: 
Seggeoyek D.D., formerly Bishop of Norwich. With 160 Illustrations. Crown 
8vo., 35. 6d, 
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MANUFACTURES, TECHNOLOGY, ETC. 


ASHLE Y.—BRITISH INDUSTRIES: A Series of General 
Reviews for Business Men and Students. Edited by W. J. ASHLEY, M.A., 
Professor of Commerce in the University of Birmingham. Crown 8vo., 5s. 6d. net. 


BELL.—JACQUARD WEAVING AND DESIGNING. By F. T. 
BELL. With 199 Diagrams. 8vo., res. net. 
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CLARKE, M.B. Lond., F.R.C.S., Assistant Surgeon at the North-west London 
and City Orthopedic Hospitals, ete. Fep. 8vo., 25. 6d. 


COATS.—A MANUAL OF PATHOLOGY. By Josrpu 


Coats, M.D., late Professor of Pathology in the University of Glasgow. 
Fifth Edition. Revised throughout and Edited by LEwis R. SUTHERLAND, 
M.D., Professor of Pathology, University of St. Andrews. With 729 Illus- 
trations and 2 Coloured Plates. 8vo., 28s. net. 


COOKE.—Works by THOMAS COOKE, F.R.C.S. Eng., B.A., 
Bsc; M:.D.; Paris. 


TABLETS OF ANATOMY. Being a Synopsis of Demonstra- 
tions given in the Westminster Hospital Medical School. Eleventh Edition 
in Three Parts, thoroughly brought up to date, and with over 7oo Illustra- | 
tions from all the best Sources, British and Foreign. Post 4to. 


Part I. The Bones. 7s. 6d. net. 
Part II. Limbs, Abdomen, Pelvis. tos. 6d. net. 
Part II]. Head and Neck, Thorax, Brain. tos. 6d. net. 


APHORISMS IN APPLIED ANATOMY AND OPERATIVE 


SURGERY. Including 100 Typical vivd voce Questions on Surface Marking, 
etc. Crown 8vo., 35. 6d 


DAKIN.—A HANDBOOK OF MIDWIFERY. By WILLIAM 
RADFORD DAKIN, M.D., F.R.C.P., Obstetric Physician and Lecturer on 


Midwifery at St. George’s Hospital, etc. With 394 Illustrations, Large 
crown 8vo., 18s, 


DICKINSON.—Works by W. HOWSHIP DICKINSON, M.D. 
Cantab., F.R.C.P. 


ON RENAL AND URINARY AFFECTIONS. With 12 
Plates and 122 Woodcuts. Three Parts. 8vo., £3 45. 6d. 


THE TONGUE AS AN INDICATION OF DISEASE: 


being the Lumleian Lectures delivered March, 1888, 8vo., 75. 6d. 


OCCASIONAL PAPERS ON MEDICAL SUBJECTS, 1855- 
1896. 8vo., I2s. 


MEDICINE OLD AND NEW. An Address Delivered on 


the Occasion of the Opening of the Winter Session, 1899-1900, at St. George’s 
Hospital Medical School, on 2nd October, 1899. Crown 8vo., 25. 6d. 


DUCKWORTH.—THE SEQUELS OF DISEASE: being the 
Lumleian Lectures, 1896. By Sir Dyce DuCcKworTH, M.D., LL.D., Fellow 
and Treasurer of the Royal College of Physicians, etc. 8vo., tos. 6d, 


28  Sctentific Works published by Longmans, Green, & Co. 


MEDICINE AND SURGERY- Continued. 
ERICHSEN.—THE SCIENCE AND ART OF SURGERY; 


a Treatise on Surgical Injuries, Diseases, and Operations. By Sir JOHN ERIC 
ERICHSEN, Bart., F.R.S., LL.D. Edin., Hon. M.Ch. and F.R.C.S. Ireland. 
Illustrated by nearly tooo Engravings on Wood. 2vols. Royal 8vo., 48s. 


FOWLER and GODLEE.—THE DISEASES OF THE 
LUNGS. By JAMES KINGSTON FOWLER, M.A., M.D., F.R.C.P., Physician 
to the Middlesex Hospital and to the Hospital for Consumption and Diseases 
of the Chest, Brompton, etc: ; and RICKMAN JOHN GODLEE, Honorary Surgeon 
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of Physiology in the University of Edinburgh ; and GEORGE DANCER THANE, 
Professor of Anatomy in University College, London. 


VoL. I., PART I. EMBRYOLOGY. 
By E. A. SCHAFER, F.R.S. With 
200 Illustrations. Royal 8vo., 9s. 


VoL. I., PART II. GENERAL ANA- 
TOMY OR HISTOLOGY. ByE. 
A. SCHAFER, F.R.S. With 491 
Illustrations. Royal 8vo., 12s. 6d. 


VoL. Il., Part I. OSTEOLOGY— 
ARTHROLOGY. ByG. D, THANE. 
With 224 Illus. Royal 8vo., r1s. 


VoL. II., PART II. MYOLOGY— 
ANGEIOLOGY. By G. D. THANE. 
With 199 Illustrations. Royal 8vo., 
16s. 


VoL. III., PART I. THE SPINAL 
CORD AND BRAIN. By E. A. 
SCHAFER, F.R.S. With 139 Illus- 


VoL, III., PART Il. THE NERVES. 
By G. D. THANE. With 102 
Illustrations. Royal 8vo., 9s. 


VoL. III, PART III, THE ORGANS 
OF THE SENSES. By E. A. 
SCHAFER, F.R.S. With 178 Illus- 
trations. Royal 8vo., 9s. — 


VoL, III., Part IV. SPLANCH- 
NOLOGY. By E. A. SCHAFER, 
F.R.S.,and JOHNSON SYMINGTON, 
M.D. With 337 Illustrations. Royal 
8vo., 16s. 


APPENDIX. SUPERFICIAL AND 
SURGICAL ANATOMY. By 
Professor G. D. THANE and Pro- 
fessor R. J. GODLEE, M.S. Witb 


trations, Royal 8vo., 12s. 6d. 29 Illustrations. Royal 8vo., 6s. 6d. 


SCH AFER.—Works by E. A. SCHAFER, F.R.S., Professor of 
Physiology in the University of Edinburgh. 


THE ESSENTIALS OF HISTOLOGY. Descriptive and 


Practical. For the Use of Students. With 463 Illustrations. 8vo., gs. net. © 


DIRECTIONS FOR CLASS WORK IN PRACTICAL 
PHYSIOLOGY: Elementary Physiology of Muscle and Nerve and of the 
Vascular and Nervous Systems. With 48 Diagrams and 24 pages of plain 
paper at end for Notes. 8vo., 35. net. 


SMALE anv COLYVER.—DISEASES AND INJURIES OF 
THE TEETH, including Pathology and Treatment. By MORTON SMALE, 
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FITZW VGRAM.—HORSES AND STABLES. By Lieut.-General 


Sir F. FirzwyGRaM, Bart. With 56 pages of Illustrations. 8vo., 35. net. 
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Bombay Veterinary College. 
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